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This paper presents controller design methods for dynamical systems that are observed by discrete sensors. These sensors
induce a partitioning of the state space and only this quantized information is available for the controller. The so-called
‘quantized system’ is modelled by a discrete-event model that serves as a basis for the controller design methods.
However, instead of using solely the classical control methodologies for discrete-event systems as found in the literature,
improvements are proposed by including additional information provided by the fact that the underlying plant is
continuous by nature, such as continuity of the state trajectories and information on derivatives that holds for parts
of the state space. The concept of discretely controlled invariant sets will play a crucial role in the development of control
strategies and necessary and suﬃcient conditions for controlled invariance are presented. Also algorithms are included to
compute the smallest and largest discretely controlled invariant sets with respect to a given set. All the techniques and
computations are explicitly described by Boolean matrices and vectors and are ready for application. This is demonstrated for a benchmark problem of a two tank system.

1.

Introduction

This paper is concerned with the control of a continuous plant that is only observed by discrete sensors
and uses only a ﬁnite number of discrete inputs.
Speciﬁcally, the continuous plant is described by a set
of diﬀerential equations
x_ ðtÞ ¼ f ðxðtÞ; uðtÞÞ

ð1Þ

where xðtÞ 2 Rn is the state variable and uðtÞ is the control input that only attains values from a discrete set, i.e.
uðtÞ 2 f~
u1 ; . . . ; u~k g  Rm . For the case that xðtÞ 2 R2 , a
trajectory evolves in a two-dimensional state space, see
ﬁgure 1(a).
The discrete sensors are represented by a set of
boundaries in the state space. For the ith component
xi of the state vector x the following values give the
positions of the ‘sensors’.
0i < 1i <    < ni i

ðni

1Þ

These discrete sensors induce a partitioning of the state
space into hypercubes, being rectangles in ﬁgure 1(b).
The discrete measurements indicate at which boundaries
and in which hypercube(s) the continuous state currently
resides. This means that we only have coarse, discretized
(quantized) information of the plant’s state.
The reasons for studying dynamical systems
observed by discrete sensors are twofold. The ﬁrst motiReceived June 2001. Revised October 2002.
* Author for correspondence. e-mail: w.p.m.h.heemels@
tue.nl
{ Philips Centre for Manufacturing Techniques,
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Electrical Engineering, P.O. Box 513, 5600 MB Eindhoven,
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vation is the frequent occurrence of this type of sensors
in practical situations, such as level sensors for measuring the height of a ﬂuid in a vessel, encoders for determining the angular position of induction motors or
(magnetic/optic) disc drives (Phillips and Tomizuka
1995, Heemels et al. 1995) and transportation systems,
where the position of a vehicle is only known when
certain markers have passed (De Bruin and van den
Bosch 1998). A second reason comes from the situation
in which a continuous plant is to be supervised by some
programmable logical controller or computer program
which uses discrete-state information. In such cases, the
controller will often be a discrete-event system. Since a
discrete-event controller cannot communicate with the
system at a continuous level, an interface is required for
the interconnection of the discrete-event controller and
the continuous system, see ﬁgure 2(a). Note that it is not
strictly necessary that discrete sensors are physically
present; we can also have continuous sensors in our
plant, but we only act on the basis of the (artiﬁcial)
discrete information to realize the interface. In this
ﬁgure, the discrete to analog conversion is denoted by
‘DA’, which is sometimes called the injector (Lunze et al.
1997). The block with ‘AD’ represents the analog to
discrete conversion and is also called the quantizer
(Lunze 1994). The interaction of discrete-event controller with a continuous system (ﬁgure 2(a)) results in a
hybrid dynamical system (Antsaklis and Nerode 1998,
Morse et al. 1999, Van der Schaft and Schumacher 2000)
for which synthesis problems are extremely diﬃcult to
solve. The approach we will follow for dealing with this
particular kind of hybrid systems is to model the continuous plant together with the interface as a discreteevent model as shown in ﬁgure 2(b). As a consequence,
we have to study the interaction of two discrete-event
models, which is less diﬃcult than considering the overall hybrid system. In literature, these kind of systems are
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Figure 1. (a) A trajectory in two-dimensional state space; (b)
discretization of the state space and the resulting discrete trajectory.

referred to as ‘quantized systems’ (Lunze 2000) and the
resulting discrete-event models are known as ‘discrete
abstractions’ (Lunze 1999) or ‘qualitative models’
(Lunze 1994).
The idea of abstracting discrete-event models from
continuous systems is quite general and dates back to
the seventies (see e.g. Kornoushenko 1975). Since that
time various formalisms and methods have been proposed to solve the discrete abstraction problem. The
diﬀerences between the various approaches are mainly
caused by the description of the resulting discrete-event
models (automata, timed automata, rectangular automata, Petri nets, (semi-)Markov processes or stochastic
automata), the model of the continuous plant (continuous time or discrete time, linear or non-linear) and the
choice of the discrete states as related to subsets of the
continuous state space (rectangles, half spaces, or more
general shapes). For instance, in Lunze (1994) a qualitative modelling approach using DE-automata for
linear, discrete-time systems is presented and necessary
and suﬃcient conditions are given for which the resulting automaton is deterministic. In Stursberg et al. (1997)
two discretization methods are described which use discrete states based on rectangular sets and which result in
timed automata. One method checks the derivatives in

Figure 2.

gridpoints and the other method uses forward/backward
integration. In Raisch and O’Young (1998) it is
explained how to obtain a discrete-event model from
discrete-time systems by solving linear inequalities
based on the system’s inverse. This modelling method
is only eﬀective for aﬃne models. In this paper the discrete-event modelling method examines the non-linear
vector ﬁeld of (1) on the boundaries separating discrete
states to determine possible transitions. This technique
has already been reported in Stiver and Antsaklis (1993)
and Preisig (1996) and further developed in Preisig et al.
(1997) for linear systems. The method has been adapted
for the non-linear case in Bruinsma (1997) and Philips et
al. (1997).
In spite of the fact that quantized systems are of
interest from an industrial point of view and that the
modelling, veriﬁcation and fault detection aspects are
well-established now (Kowalewski et al. 1999, Lunze
2000), control has received relatively little attention so
far. One reason might be the complex control problems
one has to tackle. Indeed, reachability and stabilization
problems are highly non-trivial for non-linear control
systems even in the case that no restrictions are present
on the inputs and full information on the state of the
system is available. In the setting of quantized systems
similar problems have to be solved with the additional
complication that only partial discrete state measurements and a ﬁnite number of control values are available. Another diﬃculty is caused by the fact that the
resulting discrete-event representations are non-deterministic in the sense that from a discrete state with a given
discrete input, several transitions are possible. As the
result of a control action is not completely clear, the
control design is far from easy.
Lunze studied the problem of qualitative feedback
(Lunze 1995), where the control actions depend on the
discrete state only. In Hsu (1985) an optimal control
method is proposed on the basis of a deterministic
‘cell-to-cell mapping’ as an (incomplete) approximation

(a) Hybrid systems and (b) two discrete-event systems.
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Control of quantized systems
of the continuous dynamics (see also Papa et al. 1977).
In addition to approaches like Cury et al. (1994) and
Raisch and O’Young (1998) which design the supervisor
only on the basis of the discrete approximation of the
continuous plant (e.g. by using automata theory developed in Ramadge and Wonham (1987), we will also
incorporate information provided by the continuous
system in the proposed design methods. The fact that
the underlying system is continuous allows control
actions (e.g. preventing and moving inputs as will be
seen below) that would not be possible for general discrete-event systems. As a consequence, the approach
pursued here will have many advantageous features.
In this paper we consider the reachability problem
(i.e. steering of the process from one place in the state
space to another) and the stabilization problem (in addition to the reachability problem also keeping the process
in the desired situation). Moreover, the methods are
derived in such a manner that structured and computationally explicit controller design based on Boolean vector operations is possible. Moreover, no specialistic
insight or knowledge of operators of the plant is needed,
which is often the case with ‘rule based’ control strategies. Also, for complex systems, structured controller
synthesis reduces the possibility that the controller is
not prepared for all possible situations that can occur.
The paper is organized as follows. In } 2 it is brieﬂy
discussed how to obtain a discrete-event model from a
continuous system described by diﬀerential equations.
After a short introduction in Boolean representations
and operators used in this paper, the problem statement
is discussed in } 4. The key elements of the proposed
controller design methods, two types of inputs and discretely controlled invariant sets, are introduced in } 5
and } 6, respectively. After this, two controller design
methods are proposed in } 7 and } 8. The methods are
illustrated by means of a two tank example. Next, it is
shown how to adapt the proposed strategies for the case
of delayed transition measurements in } 9. In } 10 we
discuss the modiﬁcations of a certain standing assumption throughout the paper (made for explanatory reasons) in case it is violated. Finally, conclusions are
drawn in } 11.
The following notations will be used throughout the
paper. For a vector x xi refers to the ith component of x.
AT denotes the transpose of the matrix A. For a set V we
denote the collection of all its subsets by 2V . The interior
of a set H Rn is denoted by intðHÞ. If H is of the form
½a1 ; b1
½a2 ; b2
   ½am ; bm (possibly with ai ¼ bi ),
then its relative interior rintðHÞ is deﬁned as
R1 R2    Rm with Ri ¼ fai g when ai ¼ bi and
Ri ¼ ðai ; bi Þ otherwise. For T R the space C0 ðT; Rm Þ
denotes the collection of all continuous functions from
T and Rm . Furthermore, PC 0 ðT; Rm Þ denotes the space
of all piecewise continuous functions from T to Rm . If T

and m are clear from the context, we sometimes write
simply PC 0 .

2. Discrete-event models of continuous systems
Consider the dynamical system described by the set
of ordinary diﬀerential equations
x_ ðtÞ ¼ f ðxðtÞ; uðtÞÞ

ð2Þ

m

where the input uðtÞ 2 R takes values from a ﬁnite set{
U~ ¼ f~
u1 ; . . . ; u~k g and xðtÞ 2 Rn is the state variable. It is
assumed that (2) has a unique solution on ½0; 1Þ for all
initial conditions xð0Þ ¼ x0 and all piecewise continuous
inputs u 2 PC 0 . Moreover, the function f is continuous
in the ﬁrst argument x. Suppose that we have a number
of sensors that detect a certain state variable xi reaching
a certain value ji . That means that, for each coordinate
xi , (i ¼ 1; . . . ; n), a set of boundaries is given
0i < 1i <    < ni i

ðni

1Þ

ð3Þ

such that, whenever xi ðtÞ ¼ ji , j ¼ 1; . . . ; ni  1 a sensor
will emit a signal indicating that the continuous state is
at a speciﬁc boundary. The boundaries 0i and ni i are
not detected but deﬁne the region of interest in the state
space. The discretely observed and controlled system
consisting of the continuous plant (2) and the boundaries (3) are called ‘quantized systems’ in the literature
(see, for example, Lunze 2000). The boundaries (3)
induce a natural partitioning of the state space into
hypercubes (cells) (see ﬁgure 3).
Each hypercube (which is closed, i.e. the faces of the
hypercube are included) can be labelled
Q with a unique
integer x~ 2 X~ ¼ f1; . . . ; pg, where p ¼ ni¼1 ni . We refer
to the integer x~ as the discrete state associated with the
hypercube Hx ð~
xÞ. Two discrete states x~1 and x~2 are
called adjacent, if their corresponding hypercubes
share an ðn  1Þ-dimensional boundary plane
Hx ð~
x1 Þ \ Hx ð~
x2 Þ. The crossing of a boundary between

Figure 3.

Hypercube Hx ð~
xÞ induced by boundaries.

{ For ease of explanation, uðtÞ takes values from a discrete
set. In case of a continuous input-space, discrete inputs can be
obtained by a similar discretization as will be introduced for
the state space (see also Philips 2001).
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x~1 and x~2 is called a discrete event or transition and is
denoted by x~1 ! x~2 .
The continuous system (2) together with the set of
boundaries (3) will be transformed into a discrete-event
model given by the automaton (Sontag 1990)
S ¼ ðX~ ; U~ ; Þ in which the ﬁnite set of states X~ and
the inputs U~ are speciﬁed as above. The possibly non~
deterministic transition function : X~ U~ ! 2X has to
be determined such that the set ð~
x; u~Þ X~ contains all
discrete states to which a transition from x~ with input u~
is possible. The loss of information is an intrinsic property of this operation (since the continuous state in the
discrete abstraction is not exactly known). However, we
require the discrete-event model to satisfy the following
condition for all pairs of discrete states x~1 and x~2 , and
discrete input u~ 2 U~ .
x1 ; u~Þ (i.e. the transition x~1 ! x~2
Condition 1: x~2 2 ð~
is admissible under u~) if and only if x~1 and x~2 are adjacent and there exists a solution x of (2) with uðtÞ ¼ u~,
starting from some initial condition xð0Þ ¼ x0 2 Hx ð~
x1 Þ
such that xðt 0 Þ 2 intðHx ð~
x2 ÞÞ for some t 0 > 0 and
xðtÞ 2 Hx ð~
x1 Þ [ Hx ð~
x2 Þ for 0  t  t 0 .
For explanatory reasons we restrict ourselves for the
moment to transitions between states that are adjacent.
The necessary modiﬁcations and extensions to include
also transitions to non-adjacent discrete states will be
treated in } 10.
Note that the ‘if ’-part of this condition complies
with the notion of completeness (Lunze 1994), which is
crucial as it allows the transfer of the results obtained
for the discrete-event model to the underlying continuous system. To be precise, if a property holds for the
discrete-event model, then completeness implies that it
also holds for the continuous system. In the context of
fault diagnosis this was shown in Förstner and Lunze
(2001). The ‘only if ’-part guarantees that a certain type
of spurious solution is not included in the model in the
sense that each (single) transition of the discrete model
can also be generated by the continuous system. This is
related to the fundamental concept of soundness as is
used in computer science. The following result has
been proven in Philips (2001) and is based on a result
by Nagumo (1942) (see also Blanchini (1999, Theorem
3.1)).
Condition 2: The discrete states x~1 and x~2 are adjacent
such that fx 2 Rn j xr ¼ jr g is the separating hyperplane
and x 2 Hx ð~
x1 Þ ) xr  jr and x 2 Hx ð~
x2 Þ ) xr jr .
Proposition 1 (Philips 2001): Consider two discrete
states x~1 and x~2 satisfying Condition 2. Then
x~2 2 ð~
x1 ; u~Þ if and only if
9x0 2 Hx ð~
x1 Þ \ Hx ð~
x2 Þ

for which f r ðx0 ; u~0 Þ > 0 ð4Þ

A computer program can automatically generate the
transition function by checking (4) via the value of the
maximization problem maxx0 2Hx ð~x1 Þ\Hx ð~x2 Þ f r ðx0 ; u~Þ for
all adjacent pairs of states and all relevant inputs. For
more details on the discrete abstraction as described in
this section, the interested reader is referred to Philips
(2001).
3. Boolean representations and operators
For computational and explanatory reasons, it
is convenient to represent the discrete state x~ ¼
i 2 f1; . . . ; pg
by
the
Boolean
vector
x^ ¼
½0; . . . ; 0; 1; 0; . . . ; 0 T 2 f0; 1gp , where the 1 is at the ith
position, and a set of discrete states X~1 X~ by x^1
deﬁned by
(
1
if i 2 X~1
i
x^1 ¼
0
if i 62 X~1
Various operations acting on sets can be computed
easily by using the binary operations  (‘or’), 
(‘and’), and  on f0; 1g deﬁned by 0  0 ¼ 0 
0 ¼ 0  1 ¼ 1  0 ¼ 0  0 ¼ 0  1 ¼ 1  1 ¼ 0,
and
0  1 ¼ 1  0 ¼ 1  1 ¼ 1  1 ¼ 1  0 ¼ 1.
Union: The union of two sets Z~ ¼ X~1 [ X~2 is computed by z^ ¼ x^1  x^2 in which  has to be interpreted
componentwise, i.e. z^i ¼ x^i1  x^i2 .
Intersection: The intersection Z~ ¼ X~1 \ X~2 is computed by z^ ¼ x^1  x^2 , with z^i ¼ x^i1  x^i2 . Furthermore,
note that X~1 \ X~2 6¼ 1 , x^T1 x^2 6¼ 0.
Diﬀerence: The set diﬀerence Z~ ¼ X~1 nX~2 is computed
by z^ ¼ x^1  x^2 , with z^i ¼ x^i1  x^i2 .
Boolean matrices also appear to be useful in the
context of automata S as they can be visualized by a
directed graph (digraph), which in turn can be represented by so-called adjacency matrices. Given the automation S ¼ ðX~ ; U~ ; Þ then for each input u~ 2 U~ the
adjacency matrix Au~ 2 f0; 1gp p is a Boolean matrix
with

1 if i 2 ðj; u~Þ
ðau~Þij ¼
0 if i 62 ðj; u~Þ
The following operations on Boolean matrices A and
B of appropriate dimensions turn out to be convenient
in the sequel.
Boolean matrix (or vector)
L multiplication: C ¼ AB
is
deﬁned
as
cij ¼ lk¼1 aik  bkj ¼ ðai1  b1j Þ 
ðai2  b2j      ðail  blj Þ.
Boolean matrix ‘or’: C ¼ A  B is deﬁned
cij ¼ aij  bij .
Boolean matrix ‘and’: C ¼ A  B is deﬁned
cij ¼ aij  bij .

as
as

Control of quantized systems
Note that for the state x~1 , represented in the Boolean
vector domain as x^1 , and the discrete input u~, the set of
states X~2 to which transitions are possible from x~1 with
input u~ is computed by x^2  Au~x^1 . Furthermore,
x^3 ¼ ATu~ x^1 is the set of states X~3 from which transitions
are possible to x~1 using input u~.
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4.

Control goals
The discrete-event model extracted from the continuous system will now be used for control purposes. Note
that the only available information for the controller
(see also ﬁgure 2) is the knowledge of the hypercube
Hx ð~
xÞ that contains the current continuous state and
moreover, when the continuous state is at a boundary,
the corresponding sensor emits a signal. The controller
will apply a piecewise constant input to the system based
on this information.
Deﬁnition 1: Let the system (2) with boundaries (3)
and discrete inputs U~ be given. A solution trajectory
x 2 C 0 ½0; T of (2) is generated with an input
u 2 PC½0; T satisfying uðtÞ 2 U~ for all t 2 ½0; T is
called a discretely controlled trajectory.
The objective of the paper is to propose a systematic
method to solve the following control problems.
The reachability problem: Given the system (2), a set
of boundaries (3), the discrete initial state x~0 , the set
of target states X~e , and a set of discrete inputs U~ . Find
a controller that realizes for any continuous initial
state x0 2 Hx ð~
x0 Þ a discretely controlled
T trajectory x
(with xð0Þ ¼ x0 ) such that xðtÞ 2 intð x~2X~e Hx ð~
xÞÞ for
some t 0.
The reachability problem is the problem of controlling the trajectory from an initial discrete state to a
desired ﬁnal set of discrete states (more precisely, to
the corresponding hypercubes in the state space).
The stabilization problem: Given the system (2), a set
of boundaries (3), the discrete initial state x~0 , the set
of target states X~e , and a set of discrete inputs U~ . Find
a controller that realizes for any continuous initial
state x0 2 Hx ð~
x0 Þ a discretelyScontrolled trajectory x
ðxð0Þ ¼ x0 Þ with xðtÞ 2 intð x~2X~e Hx ð~
xÞÞ for some
t 0 and that satisﬁes the
following
property:
for all
S
te > 0 Swith xðte Þ 2 intð x~2X~e Hx ð~
xÞÞ it holds that
xðtÞ 2 x~2X~e Hx ð~
xÞ for all t te as well.
The stabilization problem is the problem of controlling the state trajectory from an initial discrete state to a
desired set of discrete states and preventing the trajectory from leaving the corresponding set of hypercubes
after the state has entered the interior.
Remark 1: Note that this notion of stability implies
the more natural stability for which only the existence
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S
xÞ for all t te is reof te such that xðtÞ 2 x~2X~e Hx ð~
quired, as e.g. for qualitative stability (Lunz 1995).
Realizing the latter deﬁnition of stability on the basis
of the automaton is equivalent to the deﬁnition as
stated here.
We will propose systematic controller design methodologies under an appropriate assumption for now.
The necessary modiﬁcations needed in the case of violating this assumption are discussed at the end of the
paper.
Assumption 1: The generated discretely controlled trajectories x will never reach a point belonging to more
than two
T hypercubes, i.e. for all t 2 Rþ it holds that
xi Þ for all index sets I with three or
xðtÞ 62 i2I Hx ð~
more elements.
In practice, this means that the implemented control
strategies are valid as long as the continuous state will
not lie on the intersection of two diﬀerent boundaries in
(3). This is detected when two sensors will emit a signal
simultaneously. The reason to adopt this assumption is
for the sake of readability as the computation and main
ideas that form the basis of the control strategies can be
adjusted in case of violation of Assumption 1 as will be
outlined at the end of the paper. This requires the inclusion of transitions between states that are not adjacent,
which was excluded in the modelling of the quantized
system is } 2.
The following concepts are used for specifying the
control strategies. We introduce these notions ﬁrst in a
non-precise manner, after which we formalize them in
the next section.
Preventing input: An input that prevents a transition
from happening, see ﬁgure 4(a). A preventing input is
applied immediately when a boundary is reached. This
means that we assume that it is exactly measured when
the state trajectory reaches a boundary between two
hypercubes, and moreover, that instantaneous control
action is possible.
Moving input: An input for which it is certain that
the state trajectory moves towards a particular boundary plane.{ Applying this input guarantees for all initixÞ that the trajectory
al states x0 in the hypercube Hx ð~
xÞ in a point closer to the
(started in x0 ) leaves Hx ð~
speciﬁed boundary plane than the initial state
xÞ, see ﬁgure 4(b).
x0 2 Hx ð~

{ Trajectories starting at the speciﬁed boundary plane will
cross it.
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5.2. Moving inputs

Figure 4.

5.

(a) Preventing input u~p . (b) Moving input u~m .

Preventing and moving inputs

5.1. Preventing inputs
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Let the quantized system be given by the continuous
plant (2), the set of boundaries (3), and the ﬁnite set of
inputs U.
Deﬁnition 2 (preventing input): The input u~ 2 U~ is
preventing for the transition x~1 ! x~2 if this transition
is not possible with the speciﬁc input u~, i.e.
x~2 62 ð~
x1 ; u~Þ.
This means that u~ can be used to prevent the state
trajectory from going from Hx ð~
x1 Þ to Hx ð~
x2 Þ.
Preventing inputs can be determined directly from
the discrete-event model of the continuous system (2).
By using the Boolean vector notation x^ for a discrete
state x and the set of adjacency matrices fAu~gu~2U~ for
representing the discrete-event model, the computation
of preventing inputs is straightforward.
Proposition 2: Given a discrete state x~1 , the input
u~ 2 U~ is preventing for the transition x~1 ! x~2 if and
only if x^T2 Au~x^1 ¼ 0.
Proof: The set of states X~3 that can be reached from
x~1 with input u~ is represented by x^3 :¼ Au~x^1 . The discrete state x~2 is not an element of X~3 iﬀ x^T2 x^3 ¼ 0.
Hence, the relation x^T2 Au~x^1 ¼ 0 is equivalent to
x~2 62 ð~
x1 ; u~Þ.
&
There exists an input u~ 2 U~ ¼ f~
u1 ; . . . ; u~k g that is
preventing for x~1 ! x~2 if and only if for at least one
of the adjacency matrices Au~l , l ¼ 1; . . . ; k the ijth element is zero, where i and j are the integer representations of x~2 and x~1 , respectively. As a consequence, the
Boolean matrix SU~ 2 f0; 1gp p deﬁned by
SU~ ¼ Au~1  Au~2      Au~k

O

Au~

ð5Þ

u~2U~

satisﬁes the property that sij ¼ 0 is equivalent to ðau~Þij
for some u~ 2 U~ . Hence, there exists at least one input
u~ 2 U~ that is preventing for x~1 ! x~2 if and only if
x^T2 SU~ x^1 ¼ 0. Furthermore, x^2 ¼ SU~ x^1 contains all
neighbouring states of x~1 to which a transition from
x~1 cannot be prevented by any input of the set U~ .

From the description of moving inputs it is clear that
an input is moving for a transition x~1 ! x~2 if with this
input for all trajectories x starting in Hx ð~
x1 Þ the distance
to the boundary plane Hx ð~
x1 Þ \ Hx ð~
x2 Þ is decreased
when x leaves Hx ð~
x1 Þ. From ﬁgure 4(b) it can be seen
that an input resulting in the trajectory starting in x000 is
moving according to this description. However, to facilitate computations (speciﬁcally, to avoid the integration
and to make automatic veriﬁcation possible) the deﬁnition of moving inputs will be a somewhat stronger
notion that will not include the inputs corresponding
to trajectories like the one emanating from x000 in ﬁgure
4(b).
Deﬁnition 3 (moving input): Let two discrete states
x~1 and x~2 satisfying Condition 2 be given. An input
u~ 2 U~ is moving for the transition x~1 ! x~2 if
f r ðx; u~Þ > 0

8x 2 Hx ð~
x1 Þ

ð6Þ

This means that the rth coordinate of x increases
monotonically as f r ðx; u~Þ > 0 and therefore moves
towards the boundary between Hx ð~
x1 Þ and Hx ð~
x2 Þ. As
Hx ð~
x1 Þ is closed and f continuous in x, there actually
exists an " > 0 such that f r ðx; u~Þ > " for all x 2 Hx ð~
x1 Þ.
Fix input u~ 2 U~ . All transitions for which u~ is a
moving input are represented by the direction matrix
Du~ 2 f0; 1gp p given by

ðdu~Þij ¼

1
0

if u~ is moving for j ! i
else

The computation of Du~ can be automated by using
optimizations for checking (6). By using min :¼
minx2Hx ð~x1 Þ f r ðx; u~Þ and max :¼ maxx2Hx ð~x1 Þ f r ðx; uÞ we
have that f r ðx; u~Þ > 0, 8x 2 Hx ð~
x1 Þ , min > 0 and
f r ðx; u~Þ < 0, 8x 2 Hx ð~
x1 Þ , max < 0. Note that
ðdu~Þij ) ðdu~Þji ¼ 0. If the continuous system (2) is linear,
the direction matrix can be computed eﬃciently, since
all information needed can be extracted from the adjacency matrices fAu~g (Philips 2001).
Since x^2 :¼ Du~x^1 represents the set of all discrete
states adjacent to x~1 for which the input x~ is moving,
it is clear that the input u~ is moving for the transition
x~1 ! x~2 if and only if x^T2 Du~x^1 6¼ 0. If x^3 represents the
set X~3 then x^T3 Du~x^1 6¼ 0 implies the existence of an
x~30 2 X~3 such that the input u~ is moving for x~1 ! x~30 .
In this case we say that u~ is moving for the set X~3
from x~1 .
Furthermore, for a set of inputs U~ the direction
matrix D is given by
M
D¼
Du~
u~2U~

Control of quantized systems
Obviously, there exists an input u~ 2 U~ which is moving
for the transition x~1 ! x~2 if and only if x^T2 D^
x1 6¼ 0.
6.

Since the proposed controller design methods
will depend heavily on the construction of discretely
controlled invariant sets, this notion is formalized
ﬁrst.
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DeﬁnitionS4 (Discretely controlled invariant set): The
set O :¼ x~2Z~ Hx ð~
xÞ (and the corresponding set of discrete states Z~) is called a discretely controlled invariant
set, if for each initial state x0 2 O, a discretely controlled trajectory x exists, with xð0Þ ¼ x0 and xðtÞ 2 O
for all t 0.{
The following result relies on Assumption 1. If this
assumption does not hold, extensions are required as
discussed in } 10. Note that the results on discretely controlled invariant sets in this section are also true in the
context of automata.
Proposition 3: The set Z~ X~ is discretely controlled
invariant using the set of inputs V~ U~ iﬀN(in Boolean
vector notation) SV~ z^  z^ ¼ 0, where SV~ ¼ u~2V~ Au~.
Proof: Recall that z~0 :¼ SV~ z~ represents the set of
states to which transitions from states in the set Z~ cannot be avoided. If Z~ 0 is a subset of Z~ (or equivalently
z^0  z^ ¼ 0), then transitions to states outside the set Z~
can be prevented with inputs
from the set V~, hence
S
any trajectory starting in x~2Z~ Hx ð~
xÞ can be kept from
leaving this set. If SV~ z^  z^ 6¼ 0, then clearly transitions
to states outside Z~ cannot be prevented, and thus Z~ is
not discretely controlled invariant.
&
Deﬁnition 5: Given the set Z~, then X~inv is the largest
discretely controlled invariant set in Z~ if
X~inv
X~inv is
0
(iii) If X~inv

Z~,
discretely controlled invariant,
0
satisﬁes (i) and (ii) then X~inv
X~inv .

To compute the largest controlled invariant set, a
method can be used that is related to the one for linear
control systems (see e.g. Wonham 1979). In the proof
also the existence of the largest control invariant set is
shown.
Proposition 4: Given a set Z~ X~,
cretely controlled invariant set X~inv in
lection of inputs V~ exists and is
the sequence of sets given by
X~2    X~j ¼ Xinv , with

(1) x^0 :¼ z^,
x  x^k Þ
(2) x^kþ1 ¼ x^k  SVT~ ð^
and j ¼ minfk 2 N j x^kþ1 ¼ x^k g.

Discretely controlled invariant sets

(i)
(ii)
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the largest disZ~ using the colcomputed from
Z~ ¼ X~0 X~1

{ Strictly speaking, we should call the set ‘positively
invariant’, since we are only concerned with t 0.

Proof: (i) Note that from step (2) we have that
X~kþ1 X~k , since only states are removed from X~k to
obtain X~kþ1 . Hence X~k Z~ and (i) is satisﬁed.
x  x^j Þ
(ii) X~j ¼ X~jþ1 is equivalent to x^j ¼ x^j  SVT ð^
implying that 0 ¼ x^Tj SVT ð^
x  x^j Þ ¼ ðSV~ x^j ÞT ð^
x  x^j Þ.
This implies that the intersection of the sets represented
by SV~ x^j and x^  x^j is empty. Hence SV~ x^j  x^j ¼ 0,
which means that X~j is controlled invariant.
To prove (iii) we ﬁrst claim that for any set Z 0 Z~
it holds that Xk0 X~k for all k where fX~k0 g is the
sequence of sets generated by the algorithm as given in
the proposition with X~00 :¼ Z~ 0 . Starting with X~00 :¼ Z~ 0
and X~0 :¼ Z~ we have that X~00 X~0 , so the claim holds
for k ¼ 0. We proceed by induction, i.e. suppose
X~k0 X~k is true. Now we will prove that if
x~1 2 X~k0 \ X~k is removed from X~k on the basis of the
algorithm, then it is also removed from X~k0 implying
0
that X~kþ1
X~kþ1 holds as well. Suppose that
0
~
~
x~1 2 Xk \ Xk has to be removed from X~k , i.e.
x  x^k Þ ¼ 1. Since X~k0 X~k this implies that
x^T1 SVT ð^
T T
x^1 SV ð^
x  x^k0 Þ ¼ 1. Consequently, x~1 will be removed
0
0
from X~k0 to obtain X~kþ1
. Hence, X~kþ1
X~kþ1 .
0
~
To prove (iii) take an arbitrary Xinv satisfying (i) and
0
and observe
(ii). Put Z~ 0 in the claim above equal to X~inv
0
0
~
that controlled invariance of Xinv yields that X~k0 ¼ X~inv
0
~
~
for all k. Since Xinv Xk for all k (due to the claim) the
result follows as X~k is equal to X~inv for k ¼ j.
&
Since X~0 has a ﬁnite number of elements and only
states are removed, the algorithm terminates in a ﬁnite
number of steps.
Deﬁnition 6: Given the set Z~, then X~inv is the smallest
discretely controlled invariant set containing Z~, if
(i) Z~ X~inv ,
(ii) X~inv is discretely controlled invariant,
0
0
(iii) If X~inv
satisﬁes (i) and (ii) then X~inv X~inv
.
Proposition 5: Given a set Z~ X~ , the smallest
discretely controlled invariant set X~inv for the set of
inputs V~ containing Z~ exists and is computed from
the sequence of sets given by Z~ ¼ X~0  X~1 
~~ , with
X~2      X~j X
inv
(1) x^0 :¼ z^,
(2) x^kþ1 ¼ x^k  SV~ x^k
and j ¼ minfk 2 N j x^kþ1 ¼ x^k g.
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Proof: (i) From step (1) we have X~k X~kþ1 as only
states are added to obtain X~kþ1 from X~k . Hence,
Z~ X~k for all k as X~0 ¼ Z~ and (i) is satisﬁed.
(ii) X~j ¼ X~jþ1 is equivalent to x^j ¼ x^j  SV~ x^j and
consequently also to SV~ x^j  x^j ¼ 0 (since SV~ x^j must
represent a subset of X~j ). This proves the controlled
invariance of X~j .
(iii) We claim that for any set Z~ 0 ! Z~ it holds that
0
~
Xk ! X~k for all k, where fX~k0 g is generated by step (2) of
the algorithm with X~00 ¼ Z~ 0 . Starting with X~00 :¼ Z~ 0 and
X~0 :¼ Z~ we have that X00 ! X~0 , proving that the claim
holds for k ¼ 0. To proceed by induction, assume that
X~k0 ! X~k , which means that we can write x^k0 ¼ x^k  ^
xk0 ,
0
0 ~
with ^
xk representing the set diﬀerence Xk nXk .
0
Now, it follows that x^kþ1 ¼ x^k  SV~ x^k and x^kþ1
¼ x^k
0
0
0
 ^
xk  SV~ ð^
xk  ^
xk Þ ¼ x^k  ^
xk  SV~ x^k 
0
SV~ ^
xk0 ¼ x~kþ1  ^
xk0  SV~ ^
xk0 . Hence, X~kþ1
! X~kþ1 .
Similar reasoning as for the proof of (iii) for
Proposition 4 gives the desired result.
&
Since, starting from X~0 , only states are added and the
total number of discrete states in X~ is ﬁnite, the algorithm is ﬁnite as well.
Remark 2: Note that the smallest controlled invariant
subspace containing a given subspace does not exist
for linear time-invariant systems as the intersection of
controlled invariant subspaces is not necessarily controlled invariant (Wonham 1979). For the quantized
systems as studied here the existence of the smallest
discretely controlled invariant set is guaranteed on the
basis of the proof of Proposition 5.
For the sake of the reachability problem it is convenient to have an extension of the concept of controlled
invariant set.
Deﬁnition 7 (G-controlled invariant set): Let the sets
~ and Z~1 X~ satisfying Z~1 Z~ be given with
Z~ XS
S
O :¼ x~2Z~ Hx ð~
xÞ and G :¼ x~2Z~1 Hx ð~
xÞ the corresponding regions in the (continuous) state space. O is called
G-controlled invariant (and Z~ is Z~1 -controlled invariant), if for each initial state x0 2 O, a discretely controlled trajectory x (with xð0Þ ¼ x0 ) exists, such that
either xðtÞ 2 O for all t 0, or xðte Þ 2 G, where
te ¼ infft > 0 j xðtÞ 62 Og.
Loosely speaking, O is G-controlled invariant, if the
continuous state trajectory leaves the set via G O in
case the state cannot be controlled to stay in O (see
ﬁgure 5). Note that discretely controlled invariance is
equivalent to 1-controlled invariance.
Proposition 6: Let Z~1 Z~ X~ be given. Z~ is Z~1 controlled invariant for the set of inputs V~ U~ iﬀ (in
Boolean
z  z^1 Þ  ð^
zÞ ¼ 0, where
N vector notation) SV~ ð^
SV~ ¼ u~2V~ Au~.

Figure 5.

A G-controlled invariant set.

Proof: From all the discrete states in Z~ that are not
in Z~1 (i.e. Z~nZ~1 represented by z^  z^1 ) transitions cannot be prevented to the set z^0 ¼ SV~ ð^
z  z^1 Þ. If
z^0  ð^
zÞ ¼ 0, then Z~ 0 Z~ and we can only leave Z~
from its subset Z~1 . If SV~ ð^
z  z^1 Þ  ð^
zÞ 6¼ 0, then there
exists discrete states in Z~nZ~1 from which a transition
to a state outside Z~ cannot be prevented and hence, Z~
is not Z~1 -controlled invariant.
&

7. ‘Forceable state-transition’ control strategy
From the transition function  it can be seen that a
transition from one state to another is possible with a
particular input. However, due to non-determinism,
often also other transitions are possible with this
input. As a consequence, it is not known in advance
which of the possible transitions actually will happen,
since this depends on the unknown continuous state.
The idea of the ﬁrst controller synthesis is to ﬁnd a
way to guarantee that a transition from one discrete
state to another is possible and all other transitions
can be ruled out.
Deﬁnition 8 (forceable transition): For two adjacent
discrete states x~1 and x~2 the transition x~1 ! x~2 is
called forceable, if from each initial state x0 2 Hx ð~
x1 Þ
there exists a discretely controlled trajectory x (with
(xð0Þ ¼ x0 ) for which there exists a t1 > 0 such that
xðtÞ 2 Hx ð~
x1 Þ [ Hx ð~
x2 Þ
for
all
t 2 ½0; t1
and
xðt1 Þ 2 intðHx ð~
x2 ÞÞ.
The forceable transitions deﬁne a directed graph on
the set of discrete states that we call the forceability
graph. It is obvious that the solvability of the reachability follows easily from the forceability graph.
Proposition 7: The reachability problem is solvable for
x~0 to x~e , if the force-ability graph contains a path from
x~0 to x~e .
Unfortunately, the construction of the forceability
graph is very diﬃcult in general. In the next section we
will provide a suﬃcient condition for forceability and we
show how it can be systematically checked by using the
direction matrices Du~ and the adjacency matrices Au~.
This leads to a construction of a subgraph of the force-
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ability graph. Hence, if there is a path from the initial
discrete state to the target discrete state in the subgraph
then we can conclude that the problem is solvable and a
control strategy can be obtained that realizes the desired
path. However, if such path does not exist the reachability problem may still have a solution.
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7.1. Suﬃcient condition for the forceability of a
transition
Using the concept of moving and preventing inputs,
we can formulate the following proposition.
Proposition 8: Let x~1 and x~2 be adjacent discrete
states. The transition x~1 ! x~2 is forceable, if for each
transition x~1 ! x~3 6¼ x~2 to a state x~3 to x~1 , there exists
an input that is preventing for x~1 ! x~3 among the inputs
that are moving for x~1 ! x~2 .
Proof: Without loss of generality we assume that
Condition 2 holds. Suppose that the set of inputs that
are moving for the transition x~1 ! x~2 is given by
U~m . As Hx ð~
x1 Þ is closed and bounded and U~m has
a ﬁnite number of elements, it holds that
minu~2U~m minu~2Hx ð~x1 Þ f r ðx; u~Þ " for some " > 0. Hence,
if we pick any u~1 ! U~m it is guaranteed that the continuous state xðtÞ moves towards the common boundary Hx ð~
x1 Þ \ Hx ð~
x2 Þ. The only phenomenon that
might obstruct xðtÞ from crossing the boundary
Hx ð~
x1 Þ \ Hx ð~
x2 Þ,
is
that
another
boundary
Hx ð~
x1 Þ \ Hx ð~
x3 Þ, x3 6¼ x~2 is reached ﬁrst. In this case
the transition x~1 ! x~3 will be prevented by an input
u~2 2 U~m . Since u~2 2 U~m , it is still guaranteed that xðtÞ
keeps on moving towards the desired boundary. By
construction, it is certain that the transition x~1 ! x~2
will occur, and all other transitions x~1 ! x~3 , x~3 6¼ x~2 ,
will not (and thus x~1 ! x~2 is forceable).
&
7.2. Forceability graph
Since the condition in Proposition 8 is only suﬃcient,
it will result in a subgraph of the forceability graph only.
However, the construction can be obtained in an automated manner. Let for a set of discrete inputs
U~ ¼ f~
u1 ; . . . ; u~k g, the transition matrices fAu~gu~2U~ and
the direction matrices fDu~gu~2U~ be given. The conditions
of Proposition 8 guaranteeing the transition x~1 ! x~2 to
be forceable can be checked by performing the following
steps:

with SU~m

SU~m x^1  x^2 ¼ 0
N
:¼ u~2U~m Au~.

By executing these computations for all transitions
x~1 ! x~2 , the forceability matrix P is constructed
8
if SU~m x^1  x^2 ¼ 0;
>
< 1;
x1 ¼ pij ¼
x^2 P^
u 2 U~ j x^T2 Du~x^1 6¼ 0g
U~m ¼ f~
>
:
0;
else
where j and i are the integer presentations of x~1 and x~2 ,
respectively.
The Boolean vector x^2 :¼ P^
x1 represents a set that
contains discrete states to which a transition from x~1 is
forceable. The forceability matrix P is the adjacency
matrix of a subgraph of the forceability graph. If we
label each edge in the forceability graph with the set of
inputs U~m as deﬁned in (7) then we have the labelled
forceability graph. The labels indicate which inputs can
be chosen to prevent undesirable transitions and still
guarantee movement towards a desired transition.
7.3. Control strategy
The reachability problem requires to discretely control the state from the initial discrete state x~0 to the
target set of discrete states X~e ð~
x0 62 X~e Þ. For this we
have to search for a path in the forceability subgraph
from x~0 to X~e . The following algorithm provides all
these paths with minimal length (if any) by ﬁrst propagating backward (from X~e ) and then forward (from x~0 ).
Step 1. Set x^1 :¼ x^e and iterate
x^iþ1 ¼ PT x^i
until x~0 2 X~iþ1 , i.e. x^T0 x^iþ1 ¼ 1. Set r ¼ i þ 1.
Now we have computed all forceable paths of
length r  1 that lead to X~e , and at least one of
these paths starts from x~0 , see ﬁgure 6(a).
Step 2. Set z^1 ¼ x^0 and for i ¼ 1; . . . ; r  1 compute
zi  x^ri
z^iþ1 ¼ P^
So, the set Z~i (represented by the Boolean vector
z^i ) is the intersection of the forceable paths

(1) Determine all inputs for which x~1 is moving for
x~1 ! x~2 , i.e. compute
u 2 U~ j x^T2 Du~x^1 6¼ 0g
U~m ¼ f~

ð7Þ

(2) Check if, transitions to discrete states other than
x~2 can be prevented by some input u~ 2 U~m , i.e.
verify that

Figure 6. (a) Forceable paths of length 2 ending in x~e , (b)
forceable paths starting in x~0 , and (c) forceable paths
starting in x~0 and ending in x~e .
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starting from x~0 of length i  1, see ﬁgure 6(b)
and the forceable paths that are r  i  1 steps
away from X~e , see ﬁgure 6(a). The resulting collection fZ~1 ; Z~2 ; . . . ; Z~r g contains the discrete
states on forceable paths of length r  1 originating from x~0 and ending in X~e , see ﬁgure 6(c).
It is always possible to go from Z~i to Z~iþ1 such
that, starting from x~0 we reach X~e .
The actual control algorithm consists of choosing
control inputs in such a way that the continuous state
trajectory evolves from Z~1 to Z~2 , then from Z~2 to Z~3 ,
etc. until you reach the target set Z~r . This is done by
selecting moving inputs u~ 2 U~m from the labelled forceability graph such that a transition from x~1 2 Z~i to
x~2 2 Z~iþ1 is forced (initially one starts with i ¼ 1 and
x~1 ¼ x~0 Þ. Each time a sensor detects that the continuous
x1 Þ \ Hx ð~
x3 Þ with
state reaches a boundary Hx ð~
x3 62 Z~iþ1 the particular transition is prevented by
choosing a moving input u~ 2 U~m such that
x1 ; u~Þ, i.e. x^T3 Au~x^1 ¼ 0. Whenever a sensor
x~3 62 ð~
detects that the continuous state reaches the boundary
x1 Þ \ Hx ð~
x2 Þ with the discrete state x~2 2 Z~iþ1 , an
Hx ð~
input is chosen that is preventing for x~2 ! x~1 and moving for a discrete state x~4 in Z~iþ2 such that x~2 ! x~4 is
forceable (note that such an input must exist by construction). Note that the input only changes whenever
transitions have to be prevented and hence the controllers are synchronous with the discrete events (see e.g.
Lunze et al. 2001).
Remark 3: The above control strategy works under
the validity of Assumption 1. The following modiﬁcation is allowed to reduce the possibility of this assumption being violated as will be explained by the example
in } 7.4. The modiﬁcation require a parameter  > 0
representing a delay time in changing the input in
some cases.
A moving input u~ has been chosen from x~1 2 Z~i to
x~2 2 Z~iþ1 . Subsequently, one of the following control
action is taken:
. Each time a sensor detects that the continuous
x1 Þ \ Hx ð~
x3 Þ with
state reaches a boundary Hx ð~
x~3 62 Z~iþ1 the particular transition is prevented
by choosing a moving input u~ 2 U~m such that
x1 ; u~Þ, i.e. x^T3 Au~x^1 ¼ 0.
x~3 62 ð~
. Whenever a sensor detects that the continuous
x1 Þ \ Hx ð~
x2 Þ with
state reaches the boundary Hx ð~
the discrete state x~2 2 Z~iþ1 , the current moving
input is maintained for  > 0 time units to make
sure that the boundary actually is crossed. After 
time units, an input is chosen that is moving for a
discrete state x~4 in Z~iþ2 .

If in the last situation a boundary of an undesired
discrete state x~5 62 Z~iþ2 is reached before  time units
have expired then a preventing input for x~2 ! x~5 ,
which is moving for x~2 ! x~4 is directly applied.
Note that  ¼ 0 complies with the control strategy
described earlier. For  > 0 the controllers are not synchronous with the discrete events any more. Taking
 > 0 has the advantage that the system’s state will not
x1 Þ \ Hx ð~
x2 Þ thereby redurun over the boundary Hx ð~
cing the probability that Assumption 1 is violated.
Indeed, if  ¼ 0 a preventing input is chosen that
might keep the state at the boundary. If in this situation
a new discrete event occurs, Assumption 1 is violated
and the controller scheme as outlined here is not guaranteed to work and necessary modiﬁcations have to be
taken as described in } 10. A typical example where this
situation might occur is the closing of a valve that keeps
the level in a tank at a certain level exactly equal to the
sensor level, see the example below.
Remark 4: The usage of the forceability subgraph is
exploited for solving the reachability problem. To
solve the stabilization problem one should solve the
reachability problem for the largest discretely controlled invariant set contained in Xe . If this set is
empty, then the stabilization problem cannot be
solved. In this case, the ‘best’ one can do is solving the
reachability problem for the smallest discretely controlled invariant set containing X~e .

7.4. Example: two tank system
Consider the two tank system depicted in ﬁgure 7,
which is often used as a kind of benchmark problem in
the context of quantized systems (Lunze et al. 1997,
2001).
Here, it consists of two communicating tanks, which
are connected through a small pipe. Both tanks can be
ﬁlled by controlling the valves in the respective feed
pipes (s1 ; s2 ). The pipe between the tubes can be blocked
by means of switch s3 . Only the second tank has a drain
s4 . The input u~ ¼ ðs1 ; s2 ; s3 ; s4 Þ consists of the vector of
switch positions (open or closed) for the four valves
controlling the ﬂows in the system. The input set U~

Figure 7.

The two tank system.
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has 24 ¼ 16 elements. The state vector x ¼ ½x1 ; x2 T is
given by the water levels in each tank and is governed by
x_ 1 ¼ s1

^1
4m
d 2 pﬃﬃﬃﬃﬃ
 s3 2 2gCðx1  x2 Þ
2
D
D

^2
d 2 pﬃﬃﬃﬃﬃ
4m
d 2 pﬃﬃﬃﬃﬃ
1
2
2g
Cðx
2gCðx2 Þ

x
Þ
þ
s

s
1
4
D2
D2
D2
pﬃﬃﬃﬃﬃﬃ
^ 1; m
^ 2 are the
with CðxÞ :¼ signðxÞ jxj and where m
mass ﬂows of the feed pipes, is the density of water,
g is the earth’s gravitational acceleration and D; d are
the diameters of the tanks and pipes, respectively. Each
tank is divided into six parts (states) deﬁned by the levels
ðji Þ: 0, 0.01, 0.1, 0.2, 0.3, 0.4, and 0.5 ½m .
After computing the transition and direction
matrices fAu~g and fDu~g we obtain the forceability
graph as depicted in ﬁgure 8, where the discrete states
are represented by their so-called tuple representation
for convenience. This means that a discrete state is
described by a tuple x~ ¼ ð~
x1 ; x~2 Þ with the components
1 2
x~ ; x~ representing the discrete state corresponding to
the components of x1 and x2 , respectively.
The goal is to steer the system from initial state
x~0 ¼ ð6; 6Þ to x~e ¼ ð4; 6Þ. From the forceability (sub)graph it can be seen that a possible path is given
by the sequence ð6; 6Þ ! ð6; 5Þ ! ð6; 4Þ ! ð5; 4Þ !
ð5; 3Þ ! ð4; 3Þ ! ð4; 4Þ ! ð4; 5Þ ! ð4; 6Þ and consequently, a solution exists to this reachability problem.
To implement the control strategy,  is chosen equal to
0.1 [s] (see Remark 3). A resulting time trajectory from
x~0 ¼ ð6; 6Þ to x~e ¼ ð4; 6Þ is shown in ﬁgure 9.
The vertical dotted lines in ﬁgure 9 indicate the time
instants at which the input changes. Starting with s4
open and all other switches closed, after approximately
21 s the boundary 42 is reached and  ¼ 0:1 s later, at t1
the controller opens s3 (and closes s4 ) in order to lower
the level in the ﬁrst tank. As a result, the level of the
second tank starts to rise, which would cause x2 to cross
boundary 42 . This is prevented immediately by opening
s4 at time t2 . At t3   discrete state ð5; 4Þ is reached and
s3 is closed (s4 is still open) at time t3 such that the level
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x_ 2 ¼ s3

Figure 8.

Forceability graph for the two tank system.

Figure 9.

Trajectory for x~0 ¼ ð6; 6Þ and x~e ¼ ð4; 6Þ.

in the second tank can drop in order to reach ð5; 3Þ.
Note that the delay of  seconds prevents that the
state stays at the boundary as discussed in Remark 3.
Then s4 is switched oﬀ and s3 is switched on at t4 , allowing the level in the ﬁrst tank to drop again. However,
since the level in the second tank starts to rise, the transition ð5; 3Þ ! ð5; 4Þ has to be prevented by opening s4
again at t5 . Finally, at t6 the valves s3 and s4 are turned
oﬀ and s2 is turned on such that the level in the second
tank rises until the desired discrete state is reached. In
0001
summary, the following sequence is generated: ð6; 6Þ !
0001

0010

0011

0001

0010

ð6; 5Þ ! ð6; 4Þ ! ð6; 5Þ ! ð5; 4Þ ! ð5; 3Þ !
0011
0100
0100
0100
ð5; 4Þ ! ð4; 3Þ ! ð4; 4Þ ! ð4; 5Þ ! ð4; 6Þ. Here
0001
ð6; 6Þ !ð6; 5Þ denotes the transition ð6; 6Þ ! ð6; 5Þ
0010
0011
with input u~ ¼ ð0; 0; 0; 1Þ, and ð6; 4Þ 7! ð6; 5Þ !ð5; 4Þ
indicates that the transition ð6; 4Þ!ð5; 4Þ is realized
0010
after preventing ð6; 4Þ !ð6; 5Þ with input u~ð0; 0; 1; 1Þ.
From the simulation it follows that Assumption 1 is
not violated.

8. Forceable ‘set-transition’ control strategy
The previous controller design method is restrictive
in the sense that for the existence of a forceable transition it is necessary that all undesired transitions have to
be preventable. The controller design method discussed
in this section aims at relaxing this requirement. Even if
a transition to a certain discrete state cannot be prevented, this will not be a problem when from the new
state a transition to a diﬀerent design state is possible.
Instead of forcing transitions between states, we now
aim at forcing transitions between sets. The key idea is
to compute a ﬁnite sequence fZ~1 ; . . . ; Z~r g of nested
Z~i1 -controlled invariant sets, where Z~1 is the target
set. Each set contains its predecessor, i.e. Z~i1  Z~i .
The last set Z~r contains all relevant initial states (one
can also proceed until the ﬁnal set contains the whole
discrete space X~ , such that a global controller can be
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realized). Furthermore, as these sets are controlled
invariant with respect to its predecessor, the state trajectory can only move to the predecessor of the current set
in which it is contained. This predecessor is smaller and
‘closer’ to the target set.
For a given set of relevant initial states X~0 and the set
of target states X~e , the following procedure is performed
to obtain the nested sequence of sets.
1. (Initialization) For the reachability problem, set
z^1 :¼ x^a :¼ x^e . For the stabilization problem we
compute the largest controlled invariant set X~inv
for the set of inputs U~ contained in X~e . If there is
no non-trivial solution, then the stabilizing problem cannot be solved. The ‘best’ alternative is to
compute the smallest controlled invariant set X~inv
for the set of inputs U~ containing the target set of
discrete states X~e . We set z^1 :¼ x^a :¼ x^inv
ðZ~1 :¼ X~a :¼ X~inv Þ. For both the reachability
and the stabilization problem, take k :¼ 1.
2. (Moving neighbours) Next, the set X~b is computed containing all discrete states x~b0 62 X~a for
which there exist moving inputs for some transition x~b0 ! x~a0 2 X~a , i.e.
x^b ¼ ðDT x^a Þ  x^a
3. (Check controlled invariance) Check for each
single discrete state x~b 2 X~b whether transitions
to states x~ 62 X~a [ X~b can be prevented by at
least one of the moving inputs for some
x~b0 ! x~a0 2 X~a . That is compute

Figure 10. Forceable states versus forceable sets.

the strategy fails. Otherwise, perform Step 3
again for the updated X~b .
If ﬁnished successfully, the procedure results in a
sequence of nested, Z~1 -controlled invariant sets,
x~0 2 Z~r Z~r1    Z~2 Z~1 (even with Z~i being
Z~i1 -controlled invariant).
The connection with the ﬁrst controller design
method can be explained by using the directed graph
presented in ﬁgure 10.
In this ﬁgure, the solid arrows indicate forceable
transitions whereas the dotted arrows represent transitions that cannot be forced but for which moving inputs
exist. As can be seen, there is no forceable path from
discrete state 1 to state 4. Hence, the ﬁrst controller
design method would fail to solve the reachability
problem (from 1 to 4) for this situation. However, if
we are certain that a transition from discrete state 1 to
one of the states in the set f2; 3g will happen, then the
transition between the sets f1g and f2; 3g is forceable.
From the set f2; 3g we then ﬁnally can force a transition
to the discrete state 4. Consequently, the methodology
discussed in this section might yield a solution in this
case.

xb0  x^a Þ
x^c ¼ SU~m x^b0  ð^
with U~m ¼ f~
u 2 U~ j x^Ta Du~x^b0 6¼ 0g. Consider the
following two cases.
(i) (Is controlled invariant) If x^c ¼ 0 for all
x~b0 2 X~b , then we set Z~kþ1 :¼ X~a [ X~b , which
is X~a -controlled invariant by Proposition 6.
Note that this implies by induction that it is
actually Z~1 -controlled invariant.{ If the set of
initial states X~0 Z~kþ1 , then the algorithm
has successfully ﬁnished. Otherwise, rename
x^a :¼ x^a  x^b , set k :¼ k þ 1 and execute
Step 2 again.
(ii) (Make controlled invariant) If x^c 6¼ 0, then
this implies that we cannot prevent some
transition x~b0 ! x~c0 2 X~c by any input
u~ 2 U~m . The discrete state x~b0 is removed
from X~b , i.e. put x^b :¼ x^b  x^b0 . If x^b ¼ x^a ,
then no further improvement is possible and
{ In case Z~1 is controlled invariant (as, for example, in the
stabilization problem), then a Z~1 -controlled invariant set
containing Z~1 is controlled invariant as well.

8.1. Control strategy
The aim of the controller strategy is to let the continuous state xðtÞ evolve from one Z~1 -controlled invariant set Z~i to the smaller set Z~i1 which is ‘closer’ to the
target set Z~1 . This is repeated until the set of target
discrete states Z~1 (equal to X~e in the reachability problem) is entered. Initially, take x~1 :¼ x~0 2 Z~r and take
i ¼ r. Now one has to compute the set of inputs U~m
which are moving to the set Z~i1 . This set is given by
U~m ¼ f~
u 2 U~ j z^Ti1 Du~x^0 6¼ 0g. One of the following
actions has to be taken by the controller.
. Whenever it is observed that a transition is about
to occur to a discrete state x~2 62 Z~i (i.e. the situation would be worse after the transition), then an
input is chosen from U~m which is preventing for
the transition x~1 ! x~2 . That is choose u~ 2 U~m for
which x^T2 Au~x^1 ¼ 0.
. If x~2 2 Z~i nZ~i1 (i.e. the ‘distance’ to the target set
stays ‘equal’), then the current input is maintained
for  time units to ensure that the transition actu-
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ally occurs. After  time units an input is chosen
that is moving for some transition x~2 ! x3 2 Z~i1 .
. In case x~2 2 Z~i1 , the current moving input will
also be maintained for  time units to guarantee
that the set Z~i1 is entered, which is ‘closer’ to the
target set Z~1 . Next, the strategy aims at moving
from Z~i1 to Z~i2 by switching to an input that is
moving for x~2 ! Z~i2 (i.e. take i :¼ i  1 and
x~1 :¼ x~2 and repeat the above procedure again).
If in the last two situations a boundary of an undesired
discrete state x~4 (i.e. outside Z~i or outside Z~i1 , respectively) is reached before  time units have elapsed, then a
preventing input for x~2 ! x~4 is directly applied which is
also moving for x~2 ! Z~i1 or x~2 ! Z~i2 , respectively.
The parameter  > 0, can be chosen freely. In case
 ¼ 1, the input only changes whenever transitions
have to be prevented.
By these control actions, we ensure that the trajectory can only leave the set Z~i to a set Z~k with k < i. This
strategy is performed repeatedly until Z~1 is reached.
Remark 5: If a control action triggered by a time
event (the elapse of a time period of  units) is not
included ( ¼ 0 or  ¼ 1), the actions would be synchronous with the discrete transitions. However, in this
case the following problems might occur. Suppose we
are moving with input u~ from x~1 to x~2 and the boundary Hx ð~
x1 Þ \ Hx ð~
x2 Þ is reached. If  ¼ 1 we enter the
interior of Hx ð~
x2 Þ and the controller waits until the
system arrives at a boundary Hx ð~
x2 Þ \ Hx ð~
x3 Þ for
some x~3 . However, it might happen that we never
reach such a boundary. For instance, if the system has
an equilibrium xeq 2 Hx ð~
x2 Þ for input u~ ðf ðxeq ; u~Þ ¼ 0
is possible as u~ is not necessarily a moving input for
x~2 ), the continuous state may never leave x~2 and no
further improvement will be realized. Second, if  ¼ 0
(meaning that we directly change the input when we
reach the boundary Hx ð~
x1 Þ \ Hx ð~
x2 ÞÞ, then the newly
selected moving input can steer the trajectory immediately back to x~1 , because this input is not necessarily
preventing for the transition x~2 2 x~1 . These phenomena are prevented by selecting 0 <  < 1 as can be
easily seen.
8.2. Troublesome situation
In general, it is not possible to guarantee that the
state will evolve to a smaller set. Although moving
inputs are used to try to let the state evolve in the direction of the desired state, it is not certain that the state
will actually reach a smaller controlled invariant set as
can be shown by looking at the following example.
Example 1: Consider the discrete states x~1 , x~2 , x~3 ,
and x~4 and their corresponding hypercubes, depicted
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Figure 11. (a) A cyclic trajectory; (b) trajectory evolving to
cornerpoint.

in ﬁgure 11. The objective is to reach the set
f~
x1 ; x~3 ; x~4 g from x~2 . Suppose we start in the continuous state xðt0 Þ 2 Hx ð~
x2 Þ with an input u~ that is moving
for x~2 ! x~4 . However, in order to prevent the state
from leaving Hx ð~
x2 Þ, at time t1 a preventing input is
applied that is moving for x~2 ! x~1 . It might be the
case that at time t2 the point xðt0 Þ is reached again
and the input u~ is applied again, since it is preventing
and moving. Thus, a cyclic trajectory arises that prevents us from reaching the set fx1 ; x~3 ; x~4 g, see ﬁgure
11(a). In a similar way it might be the case that the
trajectory ends up in the lower right corner of Hx ð~
x2 Þ,
see ﬁgure 11(b). Note that in this case Assumption 1 is
violated and the method needs to be extended as discussed at the end of the paper.
As a consequence of trying to solve the non-linear
control problem in its full generality and the lack of
knowledge due to the discrete sensors, no rigorous
proof can be given that the continuous trajectory will
actually reach a smaller controlled invariant set.
However, it is guaranteed that the situation will never
become worse. A possible (heuristic) solution for overcoming a problem as in ﬁgure 11(a) is to keep on moving
towards the same state in the desired set (e.g. x~4 in the
example) as long as possible. Note that both phenomena
discussed in Example 1 can be observed from the discrete measurement and precautions can be taken (for
instance, by choosing other preventing inputs).
However, for the ﬁrst control method based on forceable transitions a guarantee was given.
8.3. Example: two tank system
Again, we consider the two tank system discussed in
} 7.4. For this example the aim is to reach the discrete
state x~e ¼ ð4; 6Þ from the initial state x~0 ¼ ð6; 6Þ. If we
compute the f~
xe g-controlled invariant sets by exploiting
the procedure discussed in this section then this results
in 9 sets (including the target state x~e ), fZ~k gk¼1;...;9 . It
turns out that all these sets are actually controlled invariant because f~
xe g is controlled invariant. In ﬁgure 12 the
sets Z~kþ1 nZ~k are depicted. Each such set has the same
colour or shading in the ﬁgure and consist of discrete
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this paper also can be used for the case of transition
measurements. For more details, we refer to Philips
(2001).
10.
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Figure 12. Digraph of all paths for which moving inputs
exist ending in xe .

states which are k steps remote from the target state x~e ,
where k ¼ 1; . . . ; 8. In ﬁgure 12 also all paths are shown
for which moving inputs exist and that will lead to the
target state x~e ¼ ð4; 6Þ within 8 steps. Starting in the
initial discrete state x~0 ¼ ð6; 6Þ 2 Z~9 which is 8 transitions remote from the target state x~e , it is certain (for
this example) that we can move to one of the states in
the invariant set Z~8 consisting of states being 7 transitions remote from the target state. This is repeated until
the target state x~e is reached. If this control strategy is
applied to the two tank system with  ¼ 0:1 [s], the timetrajectory is obtained as for the example in } 7.4.
9.

Delayed transition measurements
Previously it was assumed that it is exactly measured
whenever the continuous state trajectory x hits a boundary plane Hx ð~
x1 Þ \ Hx ð~
x2 Þ and that immediate control
action is possible. This allows us to prevent undesired
transitions. However, if the sensor emits a signal (just)
after the continuous state has already crossed the
boundary plane (and consequently is not on the boundary plane any more), or if immediate control action is
not possible, then preventing inputs can no longer be
used. In such cases, an observed transition has to be
corrected instead of prevented, as formalized in the following deﬁnition.
Deﬁnition 9: Given two discrete states x~1 and x~2
satisfying Condition 2. An input u~ 2 U~ is correcting
for the transition x~1 ! x~2 if
f r ðx; uÞ < 0;

2 Hx ð~
x1 Þ \ Hx ð~
x2 Þ

ð8Þ

This means that u~ can be used to correct the changing of the continuous state from Hx ð~
x1 Þ to Hx ð~
x2 Þ as
long as it is suﬃciently close to the boundary plane as is
proven in Philips (2001).
By replacing the preventing inputs by correcting
inputs, the controller design methods as discussed in

Modiﬁcations when Assumption 1 is not met

For the sake of a transparent presentation of the
controller design methods Assumption 1 was adopted.
In this section we will discuss the required modiﬁcations
of the proposed control strategies in case the assumption
does not hold. If this assumption is violated, then an
input u~ which is preventing for a transition x~1 ! x~2 no
~x ð~
longer guarantees that the system remains in H
x1 Þ,
when the continuous state lies at the intersection of
three or more hypercubes. Indeed, it is still guaranteed
that the trajectory x will not enter Hx ð~
x2 Þ, but it is not
clear that x will stay in (or ‘return’ to) Hx ð~
x1 Þ, because
other hypercubes might be reached.
Example 2:

Consider the linear time-invariant system
x_ 1 ¼ u1 þ u2
x_ 2 ¼ u1  12 u2

with U~ ¼ fð1; 0ÞT ; ð0; 1ÞT g. Note that the superscripts
indicate the components of the vectors. Suppose there
are only two sensors situated at the xi -axes. This means
11 ¼ 12 ¼ 0 (we take 0i ¼ 1 and 2i ¼ 1, i ¼ 1; 2)
and the discrete states are formed by the four quadrants
denoted by Oi , e.g. the third quadrant O3 is given by the
hypercube Hx ð~
x3 Þ ¼ fx 2 R2 j x1  0; x2  0g. On the
basis of Proposition 3 it can be shown that O3 is discretely controlled invariant provided Assumption 1 holds. A
feedback controller doing the job under Assumption 1 is
given by
uðtÞ ¼
(
ð1; 0ÞT; if the last sensor signal was given by x1 ¼ 0
ð0; 1ÞT; if the last sensor signal was given by x2 ¼ 0
It is easily veriﬁed that the trajectories of the closedloop system starting in O3 will reach the origin within a
ﬁnite time after an inﬁnite number of control switches.
Hence, Assumption 1 is violated by all discretely controlled trajectories starting in the third quadrant in spite
of the fact that for almost all discretely controlled trajectories (open-loop) the origin is not reached. Due to
the violation of the assumption, O3 is not discretely controlled invariant. Indeed, once arrived in the origin,
there is no escape; we will leave O3 as the control
value ð0; 1ÞT indeed prevents O3 ! O4 , but steers the
state trajectory into O2 , while ð0; 1ÞT prevents
O3 ! O2 , but this choice steers the state into O4 .
The phenomenon of an inﬁnite number of discrete
actions in a ﬁnite length interval is called Zenoness and
forms a major problem in hybrid systems theory
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(Johansson et al. 1999). Also in this context it obscures
the control design as is demonstrated by the example
above.
Note that for the ﬁrst quadrant O1 discretely controlled invariance (except for starting in the origin, so
for almost all trajectories generated by the controller) is
true by applying the feedback controller
uðtÞ ¼
(
ð1; 0ÞT; if the last sensor signal was given by x2 ¼ 0
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ð0; 1ÞT; if the last sensor signal was given by x1 ¼ 0
Unfortunately, it is not possible to guarantee a priori
that Assumption 1 will not be violated as it depends on
the designed control strategy. When the controller has
been implemented in practice, the violation of
Assumption 1 is mainly caused by the switching between
inputs that are preventing (or correcting) diﬀerent undesired transitions but move the trajectory x to the same
‘corner’ like in Example 2. The Zeno behaviour can be
detected on-line by noticing the fast subsequent switching signals (‘chattering’ of sensors) and precautions
might be taken by, e.g. selection of other moving and
preventing inputs.
However, a (better) alternative is modifying the
proposed design methods to obtain a controller that
guarantees that a transition can indeed be prevented
(or corrected) even if Assumption 1 is not true. The
discretely controlled invariance (and consequently,
Assumption 1) is obscured on the lower dimensional
boundaries between the hypercubes (e.g. f0g in
Example 2). For controlled invariance of a set (e.g.
O3 in Example 2) we need to have a discrete control
value that steers the state on the lower dimensional
boundaries of the particular set towards the interior.
For Example 2 this means that we have to ﬁnd a
control value that will be applied in the origin that
steers the vector ﬁeld into O3 . Of course, for the example at hand this is not possible, but for the following two examples such a discrete control value can be
found.
Example 3: Consider again Example 2 with the modiﬁed discrete input set U~ ¼ fð0; 1ÞT ; ð0; 1ÞT ; ð4; 6ÞT g.
Note that the vector ﬁeld is constant for discrete input
ð4; 6ÞT and equal to ð2; 1ÞT pointing inside the
third quadrant O3 for all points on the boundary.
Note that it can be inferred from the adjacency matrices that ð4; 6ÞT is preventing for O3 as this input
is preventing for both O3 ! O4 and (!) O3 ! O2 .
Hence, we just ﬁnd one control value that is preventing for all undesired transitions. This additional check
has to be performed to determine the controlled invariance of O3 in this situation.

Note that in this case we can use the information
available in the adjacency matrices to ﬁnd such a control
value and no additional computations are necessary.
The vector ﬁeld corresponding to the control value
ð4; 6ÞT actually points inside the interior of O3 for
all its boundary points. So, this control is preventing
for all possible transitions. It might be clear that is too
conservative in general as is also demonstrated by the
following example.
Example 4: Consider the modiﬁed linear time-invariant system of Example 2 given by
x_ 1 ¼ u1 þ u2  ðx1 þ x2 þ 1Þu3
x_ 2 ¼ u1  12 u2  ð2x1 þ x2 þ 1Þu3
with U~ ¼ fð1; 0; 0ÞT ; ð0; 1; 0ÞT ; ð0; 0; 1ÞT g. Note that O3
can be made discretely-controlled invariant by applying
8
>
ð1; 0; 0ÞT if the last sensor signal was given
>
>
>
>
by only x1 ¼ 0
>
>
<
T
if the last sensor signal was given
uðtÞ ¼ ð0; 1; 0Þ
>
by only x2 ¼ 0
>
>
>
>
>
ð0; 0; 1ÞT if the last sensor signal was given
>
:
by both x2 ¼ 0 and x1 ¼ 0
as the vector ﬁeld in the origin is equal to ð1; 1ÞT for
control input ð0; 0; 1ÞT . However, note that ð0; 0; 1ÞT is
not a preventing input for O3 ! O4 or O3 ! O2 .
In this example a diﬀerent discrete control value is
selected on a lower dimensional boundary (in this case
the origin) between three hypersurfaces. Note that this
can in principle not be inferred from the adjacency
matrices and should be computed separately. This extension of the methodologies can be made by including also
information on the transitions between non-adjacent discrete states, in particular between states that share lower
dimensional boundaries. For all discrete inputs u~ and all
pairs of (non-equal) discrete states x~1 ¼ i and x~2 ¼ j for
which the intersection of the corresponding hypercubes
is non-empty, we have to decide if for all
x 2 rintðHx ðiÞ \ Hx ðjÞÞ{ f ðx; u~Þ points inside intHx ðjÞ.
Denote the answer to this question by ðcu~Þij , which is
equal to 1 if the statement holds, and 0 otherwise. Note
that ðcu~Þii ¼ 0. The Boolean matrices obtained in this
way are denoted by Cu~ and are called the correcting
matrices in the spirit of } 9. Indeed, one could say that
if ðcu~Þij ¼ 1, that u~ ‘corrects’ the transition j ! i.
The computation of this matrix simply requires a
{ Note that no other sensors will emit signals as long as the
state lies in the relative interior. On the boundary of this
intersection other sensor signals may be received, which
provide additional information of the whereabouts of the
continuous state, and a diﬀerent discrete control value can
be used on this boundary with an even lower dimension.
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number of optimizations. To illustrate this, consider two
adjacent discrete states that satisfy Condition 2. Then
ðcu~Þij ¼ 1 if and only if maxx2rintðHx ðiÞ\Hx ðjÞÞ f r ðx; u~Þ > 0.{
If the two states share an ðn  kÞ dimensional boundary,
then the value of k optimal values have to be veriﬁed on
their sign. In Example 4 this means for O3 ! O1
that ðcu~Þ13 ¼ 1 iﬀ minx2O3 \O1 f 1 ðx; u~Þ < 0 and
minx2O3 \O1 f 1 ðx; u~Þ < 0. Note that O3 \ O1 ¼ f0g and
hence only u~ ¼ ð0; 0; 1ÞT satisﬁes the latter conditions.
However, in certain cases no additional computations are necessary and the adjacency matrices Au~ suﬃce
to construct the correcting matrices Cu~. One such condition is the linearity of the vector ﬁeld of (1). In this
case the so-called component equilibria surfaces, which
are deﬁned by S r;~u :¼ fx 2 Rn j f r ðx; u~Þ ¼ 0g for a given
u~ and component r 2 f1; . . . ; ng are hyperplanes. If for a
pair of adjacent discrete states x~1 ; x~2 satisfying
Condition 2 and given input u~ the transitions in both
directions are possible (i.e. x^T1 Au~x^2 ¼ x^T2 Au~x^1 ¼ 1Þ, we
know that the hyperplane S r;~u crosses the boundary
x1 Þ \ Hx ð~
x2 Þ between the corresponding
plane Hx ð~
hypercubes. If we determine all pairs of discrete states
that satisfy this property we know exactly through
which hypercubes and boundaries the plane is running.
As f r ðx; u~Þ is positive on one side and negative on the
other side of the plane, we know this directional information for all points except the ones in the interior of the
hypercubes through which the component equilibria
surfaces are running. This is illustrated in ﬁgure 13.
The dotted line indicates the component equilibria surface S 2;~u for some u~ and we observe that there are 25
discrete states. The arrows give the direction of the vector ﬁeld, so we see that on the upper right area of the
ﬁgure the direction is positive in the x1 -component and
negative in the bottom left area. This information can be
found directly in the adjacency matrices and we can
easily detect through which discrete states S 2;~u is running. Indeed, for instance, ðau~Þ11;16 ¼ 1 and ðau~Þ16;11 ¼ 0
mean that S 2;~u does not intersect Hx ð16Þ \ Hx ð11Þ,
but ðau~Þ13;18 ¼ 1 and ðau~Þ18;13 ¼ 1 mean that
Hx ð13Þ \ Hx ð18Þ \ S 2;~u is not empty. Knowing the
orientation of the discrete states w.r.t. equilibria surface
means that we can easily deduce from Au~ that
f 2 ða; u~Þ < 0, f 2 ðb; u~Þ < 0 and f 2 ðc; u~Þ > 0 (a, b, c being
the corner points in ﬁgure 13) in an automated manner.
The linearity of the vector ﬁeld can actually be
exploited to facilitate the computation of the adjacency
matrices fAu~ j u~ 2 U~ g as well (see Chapter 3 of Philips
(2001), which makes the linear case very eﬃcient to handle both the situation, where Assumption 1 is valid, and

{ Observe the strictness of this inequality. In case of
preventing inputs it would suﬃce to have a (non-strict)
inequality due to Proposition 1.

Figure 13. An aﬃne component equilibria surface.

the situation, where it is violated. The above reasoning
for linear plants can be extended to the case where component equilibria surfaces satisfy certain monotonicity
properties.
Based on these modiﬁcations, we can also extend the
invariance properties as derived in } 6. Indeed, the
matrix SV~ inLProposition 3 has to be replaced by the
matrix N  u~2V~ Cu~, where N denotes the so-called
neighbour matrix with nij ¼ 1, if i 6¼ j and
Hx ðiÞ \ Hx ðjÞ 6¼ 1 and nij ¼ 0 otherwise. However,
SV~ z^  z^ ¼ 0 is only a suﬃcient condition for the invariance of the set Z~ X~ and not necessary in general. The
reason for this is the diﬀerence between preventing and
correcting inputs, which lies in the strictness of the value
of the optimization problem (see the ﬁnal footnote). The
algorithms for computing the smallest and largest discretely controlled sets as outlined in } 6 are still valid
with the understanding that the controlled invariance
should be replaced by satisfying the condition
SV~ z^inv  z^inv ¼ 0. Note that forceable transitions and
moving inputs can only be used for adjacent discrete
states (i.e. sharing an ðn  1Þ-dimensional boundary) in
spite of the extensions as discussed in this section.
With the above-mentioned modiﬁcations the proposed control design methods are valid even if
Assumption 1 is violated.
11.

Conclusions
In this paper controller design methods are proposed
for quantized systems, i.e. dynamical systems speciﬁed
by diﬀerential equations that are observed through discrete measurements. The control strategies are based on
the usage of discrete-event abstractions of the quantized
system. The corresponding automata are obtained via
derivative tests on the boundaries between the discrete
states. The discrete states comply to certain regions in
the continuous state space. Instead of applying solely
the classical control methodologies on the resulting discrete-event systems, improvements are proposed by

Downloaded By: [Eindhoven University of Technology] At: 09:09 30 December 2009

Control of quantized systems
including additional information provided by the continuous plant, such as continuity of the state trajectories
and information on derivatives that holds for parts of
the state space.
The basic building blocks for the controller synthesis
methods are preventing (or correcting) inputs that guarantee that certain undesired transitions can be prevented
(or corrected) and moving inputs that ensure that the
continuous state evolves towards a desired direction.
Based on these types of inputs we can derive suﬃcient
conditions for enforcing speciﬁc transitions between discrete states, which can be used to solve the reachability
and stabilization problem. This route is taken in the ﬁrst
controller synthesis method. The second method is
based on constructing a nested sequence of discretely
controlled invariant sets and steering the system through
this sequence until the desired ﬁnal set is reached.
Necessary and suﬃcient conditions for controlled invariance are presented. Also algorithms are included to
compute the smallest and largest discretely controlled
invariant sets with respect to a given set. The second
method allows a modiﬁcation in which the nested controlled invariant sets are constructed by including discrete states in Step 3(ii) of the algorithm instead of
removing them. This method is described in Chapter 5
of Philips (2001). These type of (preventing and moving)
control actions are not included in the classical discreteevent control design methods as in, e.g. Ramadge and
Wonham (1987) as they are only based on the adjacency
matrices. The inclusion of the additional information on
preventing, correcting and moving control inputs therefore extensively broadens the range of the control problems that can be tackled successfully.
All the techniques and computations are explicitly
described by Boolean matrices and vectors and are
ready for direct application. This is demonstrated for a
benchmark problem of a two tank system.
At the end of the paper we provided a discussion to
resolve problems that might arise from the fact that
several boundaries are reached simultaneously. We
described a method to guarantee the controlled invariance of the nested sets as used in the control design by
adopting so-called correcting matrices. This requires
additional oﬀ-line computations mostly in the form of
optimizations. Under certain conditions (e.g. linearity of
the underlying continuous plant) the computational burden can be reduced by obtaining this information
directly from the adjacency matrices. We are currently
looking for other more general conditions related to
the monotonicity of the component equilibria surfaces
that makes this computational reduction possible.
The required systematic tools for performing these
additional computations forms another point of future
research, next to the further implementation and
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veriﬁcation of the techniques on simulation and practical examples.
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