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Abstract—A unifying design perspective is presented for
emulation-based (dynamic) event-triggered state-feedback
control of nonlinear systems. The main component of this
new approach is to interpret event-triggered controlled sys-
tems as the interconnection of hybrid dynamical systems
and to analyze the overall system using a hybrid small gain
theorem. Based on this new perspective, we unify several
event-triggered schemes that were previously proposed in
the literature under one umbrella. Moreover, the design
approach offers great flexibility and can be used for the
development of novel event-triggered schemes and sys-
tematic modification and improvement of existing trigger-
ing strategies. In this article, we illustrate via simulations
that these novel and/or modified event-triggered controllers
can lead to a further reduction in the required number of
transmissions, while still guaranteeing stability.

Index Terms—Event-triggered control (ETC), hybrid sys-
tems, networked control systems, small-gain theorem.

[. INTRODUCTION

VENT-TRIGGERED control (ETC) is a class of sampled-

data schemes in which the loop is closed whenever a
predefined state- or output-dependent condition is satisfied [1],
[2], [3]. As such, ETC is a natural generalization of classi-
cal sampled-data control [4], since state-dependent sampling
is used instead of periodic sampling. Reasons for considering
ETC are manifold, and we emphasise the motivation arising
from the emerging resource-aware control applications with
packed-based communication networks. In this context, the
energy consumption, communication bandwidth, and compu-
tational power are limited, and thus, ETC controllers have been
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proposed in the literature as an alternative to (periodic) time-
triggered controllers in order to decrease the communication
load, while preserving appropriate performance and robustness
guarantees [3]. The ETC approach has also been experimentally
verified on various settings including mobile robots [5] and
vehicle platooning [6].

The benefits of ETC were recognized a long time ago [1],
and since then, many different triggering strategies have been
proposed in the literature, see, e.g., [7], [8], [9], [10], [11], [12],
[13], [14], [15], [16], [17], [18], [19] and the references therein.
However, the relationship between these various approaches, the
intuition behind them, and their advantages/disadvantages are
hard to understand as the underlying design tools and philosophy
appear to be different for each particular scheme. Additionally,
the stability proofs for available strategies are often similar,
and thus, repeated for each different scheme, highlighting the
need of a unifying analysis approach. Lastly, it is often unclear
how the design flexibility within each approach affects the
required transmission intervals and system performance. The
recent studies [20], [21] for classes of ETC systems shed some
light on this issue, but a systematic design framework remains
elusive.

The first objective of this article is to show that a large class
of seemingly unrelated ETC schemes can be unified within
one design perspective. As a consequence, valuable insights are
revealed, which were not previously observed in the literature.
Particularly, it provides clear viewpoints on the essential differ-
ences and similarities of previously proposed ETC strategies,
and adds design flexibility to each existing approach, which
allows for a systematic modification of current schemes. In fact,
our second main objective is to use this unifying perspective
to redesign existing and generate novel ETC schemes. Conse-
quently, the proposed approach enables a clearer and systematic
design methodology that may be used to increase interevent
times, as we illustrate via a numerical example. We foresee other
performance objectives, such as convergence speed and robust-
ness may be addressed under the same small-gain perspective.

As commonly adopted in the ETC literature, see, e.g., [7],
(81, [91, [101, [11], [12], [13], [14], [15], [16], [17], [18], we
will use an emulation approach. That is, a (potentially dynamic)
continuous-time controller is first designed to robustly stabilize
the continuous-time plant (ignoring the packet-based nature
of communication). This controller is then implemented via
an event-triggering rule, while preserving important stability
properties. For the analysis, we model the resulting closed
loop as a hybrid system using the formalism of [22], decom-
pose it as the interconnection of two subsystems, and consider
the interconnection from a small-gain perspective. Although
hybrid systems have been used to study ETC techniques in,
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e.g., [13], [13] does not explicitly use a small-gain theorem
to analyze them, which limits the understanding of similarities
and differences between the studied ETC techniques. Moreover,
Postoyan et al. [13] does not consider the redesign of existing
techniques. We emphasise that some of these event-triggering
rules might involve auxiliary state variables, see, e.g., [11], [12],
[13], [14], with the aim of potentially reducing the number of
transmissions. Then, at the core of our unifying view, we propose
a specific interconnection that can deal with these auxiliary
variables and cover many techniques in the literature. To study
stability of this interconnection, we adopt a recently proposed
hybrid small-gain theorem [23], which ensures overall stability
provided a small-gain condition involving the two subsystems
is satisfied. Within this perspective, the analysis boils down
to designing the ETC rule (and auxiliary variables, if present)
to ensure that the small-gain conditions hold. Equivalently, in
hybrid systems terminology, the triggering rule synthesis then
consists in shaping the flow and the jump sets (together with
the design of the auxiliary variable dynamics) to enforce the
small-gain theorem conditions.

We highlight that Liberzon et al. [23] provided a general tool
to study stability of hybrid systems using a small-gain theorem,
and its main contributions are unrelated to ETC. Only a particular
ETC scheme is studied as an application of this tool in [23, Sec.
V.C]. Specifically, it demonstrates how to interpret the static
event-triggering rule in [7] with a small-gain analysis. However,
Liberzon et al. [23] adopted a modified version of the triggering
in [7] so that it directly fits the small-gain theorem (we do
not need such modifications in this article). Compared to [23],
we significantly generalize the applications of the small-gain
perspective by covering many ETC techniques in the literature
(not just the one in [7]). Additionally, we propose a novel
interconnection that can deal with dynamic ETC techniques, and
we show how to systematically redesign the existing techniques.

More in detail, in this article, we demonstrate that the small-
gain perspective underlies various important schemes that have
been proposed in the ETC literature, such as the well-known
relative threshold strategy from [7], the dynamic triggering
strategy in [11], the fixed-threshold strategy found in [8], [24],
[25], and [26], the decreasing threshold on the network-induced
error used in [13], [27], [28], [29], and the decreasing threshold
on the Lyapunov function from [14]. It is important to note that,
many crucial steps are needed in order to step from [23] and
be able to unify many ETC schemes under one umbrella. For
instance, in every studied technique, the way we decouple the
system becomes important; sometimes the auxiliary variable is
coupled with the plant/controller system, and sometimes with
the network-induced error system. Additionally, for some dy-
namic techniques, such as the one in [14], new hybrid models
for the auxiliary variable are introduced to be able to apply
the small-gain theorem. Moreover, for some of the strategies,
the proposed approach allows us to provide stronger conclu-
sions. More importantly, the small-gain view not only unifies
many influential strategies in the ETC literature under the same
umbrella, but it also clarifies how to systematically redesign
them to create novel and more general strategies. Particularly,
the analysis reveals that all considered techniques have one
of the gains equal to zero (i.e., cascade-like interconnection),
which is a key factor that opens the door for redesigns that can
potentially enlarge the intertransmission times of the original
techniques. In this context, a relevant contribution of our work
is that we explicitly show how to redesign and combine some

of the original approaches listed above, all done by utilizing the
same small-gain perspective.

Relevant to the work herein, the past work [30] provides a
small-gain approach to ETC of nonlinear systems. However,
Liu et al. [30] only applied to static triggering rules, i.e., those
that relate the state of the controlled system and the network-
induced error. As we mentioned above, our results cover a more
general class of dynamic ETC rules that use auxiliary variables
in their triggering thresholds. Moreover, the small-gain view
in [30] is different to the one presented here, since we model
the closed loop as a hybrid system and we explicitly provide the
dynamics of the network-induced error. This implies that the
corresponding small-gain conditions have to hold in adequately
defined sets, which respect the system dynamics, and thus, the
system gains have a clear meaning.

Some preliminary results of this work have been presented
in [31]. We emphasise that this manuscript is a significant ex-
tension of [31]. Particularly, we study many more ETC strategies
that were not considered in [31], thus highlighting the applica-
bility of the small-gain perspective. In addition, we generalize
the redesigned techniques in [31], and we also present novel
ones.

Il. PRELIMINARIES

Let Z.g:= {1,2,...}, L>q := {0,1,2,...}, R :=
(—00,00), and Rsg:=[0,00). Given a nonempty closed
set A C R™ and a vector = € R"™, the distance of x to A is
defined as || 4 := minyc 4 |« — y|. Foramatrix A € R™*™ and
its singular values 1;, ¢ € {1,...,n}, |4 := max{Ai,...,An}
is its induced 2-norm. For any € R™ and y € R™, (z,y)
stands for [z, y']". Given a real, symmetric matrix P, we
denote its maximum and minimum eigenvalue as A,y (P) and
Amin (P), respectively. The notation I stands for the identity
map from R>p to R>g. A function v:R>y — R>g is of
class-/C, if it is continuous, zero at zero and strictly increasing
and it is of class-K, if, in addition, it is unbounded. We write
v € Ko U {0} when function « is either of class-K, or it is
identically equal to zero. A function 7 : R>g x R>g — R is
of class-K L, if it is continuous, (-, r) is of class-K for each
r € Rxg, and, for each s € R, ¥(s,-) is decreasing to zero.
For z,v € R™ and locally Lipschitz U : R™ — R, U°(x;v) is
the Clarke derivative of the function U at x in the direction
v, i.e., U°(x;v) := limsup,_,, ;0 Uly+20)-UW) This notion
will be useful as we will be working with locally Lipschitz
Lyapunov functions, which are not differentiable everywhere,
and it reduces to the standard directional derivative (VU (), v)
when U is continuously differentiable. For a set S C R™ and
x € R™, Ts(x) is the tangent cone to S at z, if it is the set of
all vectors v € R™ for which there exist x; € S, 7; > 0 with
x; = x, 7, — 0as i — oo such that v = lim; oo (x; — ) /7.

We will model closed-loop ETC systems as hybrid systems
of the form (1), see [22], for which the jump times will corre-
spond to triggering instants. In particular, a hybrid system H, as
considered here, is given by

H{ q=7F(q), q€C

geD ey

qt =G(q),
where ¢ € R" is the state, C', D C R" are the flow and the jump
sets, which are assumed to be closed, and F,G : R™ — R"™
are continuous functions. Hence, system (1) satisfies the hybrid
basic conditions in [22]. For more information about the notion
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Fig. 1. Block diagram of the considered ETC setting.

of solutions for H, see [22]. We just recall that a solution is
maximal if it cannot be extended and it is complete if its domain
is unbounded. We focus on the following stability property.

Definition 1: A closed set A C R"™ is uniformly globally
asymptotically stable (UGAS) for system H, if there exists
B € KL suchthat, for any solution ¢ and (¢, j) € dom ¢, itholds
that|@(, 7)|4 < B(]¢(0,0)|4,t + j), and all maximal solutions
are complete. O

We use [13, Definition 3] to characterize the existence of a
strictly positive amount of time between any two successive
transmissions, which is essential for ETC.

Definition 2: System H has a uniform semiglobal dwell time
outside A C R", where A is strongly forward invariant for sys-
tem M, if forany A > 0, there exists 7(A) > 0 such that for each
solution ¢ with |¢(0,0)|4 < A and all (s,1),(t,7) € dom ¢
withs+i<t+j, 0t j)¢A=j—i<(t—s)/7(A)+1.
System H has a uniform semiglobal dwell time if for any
A > 0, there exists 7(A) > 0 such that for each solution ¢
with |p(0,0)| < Aandforall (s,4), (¢,75) € dompwiths +i <
t+j,itholdsthat j —i < (t — s)/7(A) + 1. O

I1l. HYBRID SYSTEM MODEL

In this section, we present a hybrid system model for the
considered ETC setting, like in [13]. In this context, we adopt the
emulation approach [32], [33], which is explained next. Consider
Fig. 1, where the nonlinear plant has the form

Tp = fp(a?p,u) (2)

with z, € R"» represents the state and u € R™* represents the
control input, np,n, € Z~o. The first step in the emulation
approach is to design a controller that robustly stabilizes the plant
(2) in the absence of a communication (packet-based) network.
This will be formalized in SA1 further below. We assume that
the designed controller is nonlinear and has a continuous-time
model of the form

fbc = fc(xc»xp)
u = gc(xcaxp) (3)

where z. € R"¢ is the state of the controller, n. € Z~q. We can
also cover static controllers by writing u = g.(zp) in (3). The
functions f, and f. are assumed to be continuous, and g, and g
are assumed to be continuously differentiable and, without loss
of generality, zero at zero.

TAset A € R™ is strongly forward invariant for system , if for each solution
ptosystem (1), o(t, j) € Aforsome (¢, j) € dom p implies that (¢, j') € A
for any (¢,' ') € domp witht + 5 < t' + 5.

In the second step of emulation, we implement the designed
controller (3) over a network as per Fig. 1. At each transmis-
sion instant t;, j € Z C Z, the controller receives the plant
measurements, updates its knowledge accordingly, sends the
control input to the actuators, and the latter update the signal
applied to the plant. Consequently, plant (2) has no longer access
to u, but to its networked version 4, and controller (3) has
access to &, the networked version of x,. We assume ideal
packed-based communication in the sense that Z,, (t;r) =z, (t5)

and a(tj) = u(t;), for any j € Z. Between two successive
transmission instants, &, and @ are governed by the dynamics
of the holding devices given by

Cép = fp(‘rpawmipvﬁ)
ﬁ = fc(xpyxwf%paﬁ) 4)

where fp and fc are continuous functions. Note that zero-
order-hold devices correspond to f, = 0, f. = 0, for instance.

We allow fp and f, to depend on Zp, T, Lp, and 4 for the
sake of generality, which allows us to cover cases such as the
model-based techniques in [8].

The transmission instants ¢;, j € Z, are formally defined by
an underlying event-triggering rule, which is to be designed. The
main goal of ETC is to synthesize these rules to communicate
according to the system needs while guaranteeing stability and
satisfactory levels of performance, by closing the loop whenever
a predefined state-dependent triggering condition is satisfied. In
general, the triggering conditions may depend on xp,, ¢, u, and
some auxiliary variable € R"",n,, € Z> that can be modeled
as

M@y, Te, B, 11,1), € (t,tj41)

1
n(tF) = Uap(ty), we(ty), 2o (t;) alty)0(t))  (5)

where h, / are continuous functions.

Before presenting the hybrid model for the ETC system in
Fig. 1, we introduce some useful variables. Let z := (xp, z.) €
R"™= be the augmented state of the plant and controller, where
Ny = Np + ne. Let e 1= (eq,, ey) € R, ne i= np + ny, de-
note the network-induced error, where e, := 2, —x, and
€, 1= 1 — u. Note that e(tj) = 0 for every j € Z. The error
e can be treated as an input to system (2) and (3) and this
observation plays a key role in the sequel. Indeed, from the
definitions of z, e, and (2) and (3), we can write

T = f(xv e) (6)

where f((E, e) = (fp(xpa gc(xca Tp + ezp) + eu)v fc(xm Tp +
ez, )). Consequently, we can model the overall closed-loop ETC
systemin Fig. 1 as the following hybrid system, which we denote
by H,

&= f(z,e)
é=g(z,e)
77 = h(xv €,n
I+ =T

et =0
nt=4L(z,emn)

} (z,e,m) € C
H, ) (7

(z,e,m) € D

where f, g, h, and ¢ are continuous functions, with f defined
below (6), and g, h, and ¢ determined from (2) to (5). We
emphasise that the specific dynamics for n and the specific
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(z, m )-system

(e, m2)—system

Fig. 2. Block diagram of the decomposition.

definition for the flow set C' and jump set D will be determined
by the underlying ETC mechanism as we will illustrate in
Section V. In this context, H, in (7) denotes the resulting hybrid
model corresponding to each ETC strategy and we, thus, take
* € {4, B,...,G},whereeach letter corresponds to a particular
strategy considered in Section V.

IV. SMALL-GAIN PERSPECTIVE

Here, we present the main analytical tools that define our
unifying perspective. Different from other hybrid system ap-
proaches for ETC such as [13], our unifying view is based on
small-gain arguments. To that end, we will propose a novel
decomposition of the closed loop (7). Let us write 7 in (5) as
n = (1m1,m2), wheren; € R™n,ny € R™2,andn,,, ,n,, € Z>o
satisfy n,, + n,, = n,. This decomposition of 7 is useful and
provides generality for the upcoming analysis, since we will
associate this auxiliary variable with the z-system for some
triggering methodologies and with the e-system for others.
Therefore, the core of the unifying perspective is to interpret
system (7) as a feedback interconnection of the (z, 7 )-system
and the (e, n9)-system, as illustrated by Fig. 2. We can then
rewrite the hybrid model (7) as

(#,m) = Fi(q),
'”1{(x+,nf)=:gﬂqx
(éaﬁQ)

= F q),
H2{(€+,77§r 2(9)

) = Ga(q),
where ¢ := (z,e,n) € R™, ng:=nz +ne+n,, Fi(g) =
(f(z,€),h(q )) Gilg):= (. 51(Q)) Fa(q):=(g(x, €),h2(q)),
Qz() = (0,42(q)). (h1(q), h2(q)

2(9)) := h(q), and (1(q), £2(q))
= £(q).

The feedback interconnection (8) provides the starting point
for our unifying small-gain view. By means of a hybrid small-
gain theorem (see Theorem 1), we can state conditions that
ensure the stability of the overall system (8). Therefore, the ETC
design focuses on shaping the flow and jump sets C' and D of
system (8) [equivalently of system (7)] and defining the flow and
jump dynamics of 7 to guarantee satisfaction of these conditions.

Before presenting the hybrid small-gain theorem, we formal-
ize the robustness property that is ensured by the emulation-
based controller introduced in (3). Particularly, controller (3)
is designed to ensure the following input-to-state stable (ISS)
condition holds with respect to network-induced errors.

Standing Assumption 1 (SAI): There exist a continu-
ously differentiable function V' : R"* — R~(, and functions
ay,ay,ay,v € Ky such that the following hold.

1) Forall z € R™, ay (Jz]) < V(x) <@y (|z]).

qeC
qeD

qeC

qeD (®)

2) For all z € R™ and e € R"e,
—ay (|z[) +~(le])-

(VV(2), f(z,e)) <

O

SAL implies that system (6) is ISS with respect to input e,
which acts an additive measurement and input disturbance on the
closed-loop system (2) and (3); see [34] for a formal definition
on ISS. This assumption is natural in the ETC context and it has
been adopted in a wide variety of works in the ETC literature,
see, e.g., [7], [11], [12], [13], [35].

We are now ready to present the hybrid small-gain theorem,
which is a crucial technical tool for our unifying perspective.
This theorem is a tailored version from [23, Th. II1.3] to study
stability of a closed set A C R™e for system (8). The proof is
omitted since it follows similar lines to the proof of [23, Th.
II1.3]. Given the system decomposition depicted in Fig. 2, we
write A = A; x As, with 4; C R™ " and Ay C R" +"nz

Theorem 1: Suppose that, for any i € {1,2}, there exist lo-
cally Lipschitz functions V; : R™ — R, a;,@; € Koo, Xi €
K U {0}, and positive definite functions «; : R>g — R,
such that the following hold.

i) For all ¢geCuUDUGD), « <
Vl(%m) Sal(|($a771)|A1>’ and 92(|(€>772)|A2) <
Va(e, m2) < @a(|(e;n2)].4,)-

i) Forall ¢ € C with 7(q) := (F1(q), F2(q)) € Tc(q)

Vi(z,m) > x1 (Va(e,m2))

= Vi ((z,m); Fi(q) <
Va(e,m2) = x2 (Vi(z, m))

= V5 ((e,m2); F2(q)) < —az(|(e; n2)|a,)-

iii) Forall g € Dand i € {1,2}, Vi(Gi(q)) < Vi(q).

iv) The small-gain condition x1 o x2(s) < s holds for all
s> 0.

Then, there exist &, ar, p € Ko and positive definite func-
tions oy : R>g — R5q such that the following hold for U :=
max{Vi, p(V2)}.

a) For all ay(lala) < Ulg) <
au(lqla)-

b) For all ¢ € C such that F(q) € Tc(q), U°(q; Flq)) <
—au(lgla).
¢) For all ¢ge D, U(G(q)) <Ul(q), where G(q):=
(G1(9), G2(a))- 0
Items (i)—(iii) of Theorem 1 imply that the (x,n;)-system
is ISS with respect to input (e, ) with the gain y1, and the
(e, m2)-system is ISS with respect to input (z, 771 ) with a gain yo.
Item (iv) of Theorem 1 is the small-gain condition. In Theorem 1,
a max-type Lyapunov function is constructed for system (8)
when the (z, 7 )-system and the (e, 72 )-system are ISS and the
small-gain condition is satisfied. We will show in Section V that
the conditions of Theorem 1 are verified by various ETC schemes
available in the literature. Indeed, for these schemes, we show
that the design of the flow and jump sets C' and D, and of the
n-dynamics in (7), enforces ISS properties for the (z, 71 )-system
and the (e, 7)2)-system as well as the small-gain condition in item
(iv) of Proposition 1. Particularly, we will see that verifying
conditions of Theorem 1 follow similar arguments for all the
studied techniques. For instance, when verifying item (ii) for the
(x,m1)-system, the definition of C' will naturally lead to x; = 0
for every triggering scheme when computing the decrease on

—ar(|(z,m)la,)

ge CuDUG(D),

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on October 03,2023 at 05:47:52 UTC from IEEE Xplore. Restrictions apply.



5910

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 68, NO. 10, OCTOBER 2023

V1. In fact, this is an important observation since it opens the
door for the redesign of available triggering techniques so that
the small-gain condition holds with nonzero x;. This can lead
to enlarging the flow set and thereby potentially reducing the
number of transmissions and the minimum interevent times, as
will be illustrated in a numerical case study in Section VI. On
the other hand, for the (e, 72)-system, to verify item (ii), we
will essentially prove the ISS property vacuously, i.e., we select
X2 such that V5 (e, 12) > x2(Vi(x, n1)) never holds (outside the
origin). Lastly, item (iii) will often hold trivially since e™ = 0
and 1 = .

Using Theorem 1 and extra conditions on the hybrid time
domains of its solutions, see [13, Th. 1], we can state UGAS of
set A for system (8), as formalized next.

Theorem 2: Consider system (8) and a given closed set A C
R™a. Suppose that the following hold.

1) Conditions (i)—(iv) of Theorem 1 hold.

2) System (8) has a uniform semiglobal dwell time outside
set A.

3) Maximal solutions are complete.

Then, set A is UGAS for system (8). O

Formally, the proposed ETC design approach boils down to
designing the flow and jump sets C' and D, and the flow and
jump dynamics of the auxiliary variable n [i.e., functions h
and / in (7)], so that the conditions in Theorems 1 and 2 are
satisfied. We emphasise that this perspective is general enough
to encompass various popular ETC schemes available in the
literature, which can all be reinterpreted using this small-gain
view. Additionally, the proposed small-gain view not only can
recover available results, but it also can be used for the develop-
ment of new triggering conditions, and systematic modification
and improvement of existing triggering strategies, which can
potentially generate longer interevent times.

V. MAIN RESULTS

In this section, we illustrate how to apply the unifying
small-gain perspective by revisiting previous event-triggering
techniques proposed in the literature. For each ETC technique,
we first specify the corresponding hybrid model (7) with flow
and jump sets C, D, and n-dynamics when relevant. Then, we
state UGAS by showing that all conditions of Theorem 2 are
satisfied. Lastly, we show how to modify these previous ETC
techniques in order to enlarge the flow set C' and shrinking
the jump set D, while maintaining the UGAS property. All the
proofs are deferred to the Appendix to avoid breaking the flow
of exposition.

A. Relative Threshold Strategy in [7]

We start with the well-known technique proposed by Tabuada
in [7], which has been exploited and extended in various other
contexts, see, e.g., [15], [36], [37], [16], [38], [23], [39], [40],
[41], [12], [10]. We will refer to it throughout as the relative
threshold technique.

1) Model: The relative threshold technique in [7] does not
require an additional auxiliary variable 7, i.e., n,, = 0. There-
fore, the resulting hybrid model here is (7) with state g := (z, €)
only. Next we define the flow and jump sets. The triggering rule
in [7] corresponds to v(|e|) > oay (|z]), where o € (0,1) is a
design parameter, and vy, v € Ko come from SA1. This leads

to the flow and jump sets
C:=A{q:7(le) < oay(|z))}
D :={q:1(le]) = oav(|z[)} ©)

see also [13], [35] for similar hybrid models for the relative
threshold technique. We use H 4 to denote the hybrid model
resulting from the relative threshold strategy described above,
i.e., system (7) without 77 and flow/jump sets as per (9).

We assume the following on the functions f, g, ay, and 7.

Assumption 1: The functions f, g in (7), and a",l, v €K
from SALI are locally Lipschitz.

The Lipschitz conditions in Assumption 1 are stated to guar-
antee the existence of a uniform semiglobal dwell time outside
the attractor specified below, which is needed to state UGAS via
Theorem 2. This is formalized in Corollary 1, as follows.

2) Analysis: Let A = A; x As with

Ay :={z eR"™ .2 =0}, Ay:={e € R"™ :e=0}. (10)

In the following, we show that set A is UGAS for system H 4
via Theorem 2. To that end, we first need to show conditions
(1)—(@v) of Theorem 1 hold. In fact, we show in Proposition 1 in
the Appendix that the conditions of Theorem 1 hold with gains
x1 and x2 given by

x1(8) =0, x2(s) = (1 +¢) ['y_l ooay og&l(s)]2 (11)

where ¢ > 0 can take any value, and v, oy, g, come from SAT.
To state UGAS via Theorem 2, it remains to show items 2)
and 3), that is, the dwell-time property and the completeness of
maximal solutions. Thanks to Assumption 1, as shown in [7,
Th. III.1] and [13, Th. 4], system # 4 has a uniform semiglobal
dwell time outside 4. Moreover, according to [13, Th. 4], all
maximal solutions to system # 4 are complete. Therefore, we
can use Theorem 2 to state the following.
Corollary 1: Consider system H 4 and suppose Assumption 1
holds. Then, set A defined by (10) is UGAS. U
We can conclude that the relative threshold technique in [7] fits
our small-gain setting. More importantly, this approach reveals
that the gain 3 in (11), related to the ISS property of the
x-system, is equal to zero. This suggests that we can modify
the triggering condition, i.e., the flow and jump sets, in such a
way that the ISS property of the z-system holds with a nonzero
gain, while still preserving the small-gain condition and, thus,
stability. By doing so, we enlarge the flow set C, and shrink the
set D, which may help generating longer average and minimum
interevent times, as we will illustrate later on with simulations in
Section VI. We formalize this redesign in the following section.
Remark 1: Note that Liberzon et al. [23] already studied
the relative threshold technique [7] with a hybrid Lyapunov
small-gain theorem. The difference here is that we consider
exactly the same condition as in the original paper [7], and not
a modified one as used in [23]. Specifically, Liberzon et al. [23]
considered Va(e) > x2(Vi(x)) as triggering rule, which im-
mediately fits the small-gain theorem. We consider the exact
condition proposed in [7], i.e., ¥(|e|) > oay (|z]). O
Remark 2: The relative threshold technique has also been
studied in [10] using small-gain theorems, but the networked
control system is modeled as a continuous-time system of
the form (6), as opposed to a hybrid system as in (7).
In [10], system (6) is assumed to be ISS, ie., |z(t)| <
max{3(|z(0)],2),ve(|eljo,¢) } holds forallt > 0,some 8 € KL
and v. € K, and the event-triggering condition is developed
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with this trajectory-based gain function .. In contrast, we use
the ISS-Lyapunov function-based gain functions X1, x2 from
Theorem 1. Besides the aforementioned differences, these two
approaches indeed have the same rationale, while noting that
system (7) is ISS if and only if it admits an ISS-Lyapunov
function [34]. However, we can explicitly study how the event-
triggering conditions impact the performance of the system
using Lyapunov function analysis, e.g., through the involvement
of ay, which depicts the decay rate of V, see item (ii) of
SAL. ]

3) Redesign: We now formalize the redesign foreshadowed
in the discussion in the following Corollary 1. Particularly, we
modify the original triggering condition (9) by redefining the
flow and jump sets C' and D as

C:=A{(z,e): (1 =d)N(le]) < oav(lz])}
D= {(z,e) : (1 =0)y(le]) = oav (|z])}

where (|e|) is the newly introduced term enlarging the flow
set, and shrinking the jump set, compared to (9). We use H'y
to denote the redesign of system Hg4, i.e., system (7) with
redesigned flow and jump sets (12). To design §, we rely on
the next assumption, which is satisfied when SA1 holds with
ay, ay, ay all quadratic or all linear, for instance.
Assumption 2: There exists ¢ > 0 such that for any s > 0,
ay o ay(s) < cay oay!(s). O
The main objective here is to design ¢ so that ', is UGAS.
Specifically, d is designed so that conditions of Theorem 2 are
satisfied with y; # 0. The details can be found in the proof of
Proposition 2 in the Appendix. We, thus, have that § has to be

) . Asaresult, Theorem 1 holds

12)

l-o
’1—o+oc

with x1 and o given by

chosen in the interval (0

]

xi(s) =av o ayto Zam (517

2

Xa(s) = (13)

[t e

for all s > 0, where v € (0,1) and £ > 0 can be any constants.
All the details can be found in the proof of Proposition 2 in the
Appendix. As a consequence, we derive the UGAS property for
‘H', by following the analysis in Section V-A2.

Corollary 2: Consider system H"; and suppose that Assump-
tions 1 and 2 hold. Then, set A defined by (10) is UGAS. [

B. Dynamic Triggering Strategy in [11]

We note that the relative threshold technique studied in the
previous section did not use the auxiliary variable 1. We now
study an event-triggering rule, which does depend on the dynam-
ics of 7, with n,, = 1. This dynamic technique was introduced
in [11], and it has been extended afterwards to other (distributed)
ETC settings, see, e.g., [12], [29], [42].

1) Model: The dynamic technique in [11] employs 7, which
satisfies purely continuous dynamics given by 1 = —3(n) +
oavy(|z]) — v(le]), where n € Rxp, 8 € K isadesigned func-
tion, and ary, ¥ € K are as per SAl,and o € (0, 1). Therefore,
the n-dynamics in (7) reduce here to

i =—Bn) + ooy (|z|) —v(|e]),
n=n,

qeC

geD (14)

where ¢ := (x, e,n). Moreover, the triggering rule in [11] cor-
responds to n + O(cay (|x]) — v(le])) < 0, where § € R isa
design parameter. This leads to the flow and jump sets, for 8 > 0

C:={q:n+0(cav(z]) —v(le])) = 0,n7 € Rxo}
D :={q:n+0(cav(z|) —(le])) <0,n € Rxo}
and for 0 = 0 we define

C:={q:n=0}, D:={q:n=0, cay(lz|) < A/(Iel)(}m

15)

where the last inequality in (16) is used to avoid Zeno phe-
nomenon when 6 = 0. We then use H g to denote the resulting
hybrid system for the dynamic triggering strategy, i.e., system
(7) with n-dynamics (14) and flow/jump sets (15). Note that the
relative threshold rule in (9) can be seen as the limit case of the
dynamic rule (15) when 6 — +-oc.

2) Analysis: Let A = A, x Ay with

Al = {(1377) € R x REO : (CE»TI) = (070)}
Ay :={e € R" : fe = 0}.
Note for @ > 0 wehave Ay = {e € R" : ¢ = 0} and for 6 = 0,
Ay = R™. As before, we want to show that the set A is UGAS
via Theorem 2. For this strategy, we divide the analysis in two

cases: 8 > 0 and 6 = 0. For # > 0, we have from Proposition 3
in the Appendix that the conditions of Theorem 1 hold with

a7)

a(s) =0, xals) = oL+ am)]”  (8)
forall s > 0, where Y5 (s) = 5 + oay 0 oy (s), forany e > 0.
For 6 = 0, we have from Proposition 4 in the Appendix that
conditions of Theorem 1 hold with x; = x2 = 0.

It remains to show the dwell time property and that maximal
solutions are complete. First, from [11, Prop. 2.3], we know that
‘Hp admits a uniform semiglobal dwell time outside .4 when
Assumption | holds. Lastly, we show that all maximal solutions
are complete in Lemma 1 in the Appendix. Therefore, from
Theorem 2, we can state the following.

Corollary 3: Consider system H p and suppose Assumption 1
holds. Then, set .4 defined by (17) is UGAS. O

We note that in [11], asymptotic stability of (x,n) = 0 was
shown for 6 € R-(. Therefore, with Corollary 3, we not only
recover the results from [11], but also derive stronger conditions
for the case 6 > 0, since we show that (z, 7, e) = 0is UGAS.

Remark 3: The dynamic triggering technique analyzed in this
section has also been studied with a trajectory-based small-gain
analysis in [29], see Remark 2 for more details about such
design. |

3) Redesign: Note that our approach reveals that x; = 0,
just like it did for the relative threshold technique in the previous
section. Consequently, as in Section V-A, we can exploit this to
redesign the original dynamic technique and, thus, enlarge the
flow set C', and shrink the set D, with the hope of obtaining larger
interevent times. Particularly, we modify the flow dynamics of ),
as well as the flow and the jump sets, so that x is no longer zero,
while still ensuring the small-gain condition and, thus, stability.
In particular, we modify the dynamics of 7 to

1= —Bn) +oav(|z) —(el) +6(v(lel)), ¢ € C

nt=mn,qeD (19)
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where 3,0 € K, are to be designed, and § is such that I — § €
Koo- The main difference with the original n-dynamics (14) is
that we have added the term §(y(|e])) in the flow map of n, which
slows down the decrease of 7 and may thus help in reducing the
number of transmissions. We modify the flow and the jump sets
accordingly as

C:={g:n+0(oav(|z]) = (I = 8)or(le])) = 0,17 > 0}
D= {gq:n+0(cay(|z]) - (I —6) or(le])) <0,n >0}
(20)

where we consider the case § > 0 for simplicity. Henceforth,
we denote the redesign of Hp by H, ie., system (7) with
redesigned n-dynamics (19) and flow/jump sets (20).

Exactly as before, the design of ¢ boils down to ensuring
that the conditions of Theorem 1 hold, which we formalize in
Proposition 5 in the Appendix. Particularly, we take

<o 55}

o(s) :==ayoa;t oay(s), as(s) == 5+
oay(ay'(s), @i(s) =ay(s)+s, and &i(s) :=min{(1 —
o)ay(s/2),8(s/2)}. As aresult, Theorem 1 holds with

21

where

o 1
xi(s)=aioa'o ;5(7(51/2))

x2(s) = [y Lo (L+e) (I —8) toay(s))”

for some v € (0,1) and £ > 0.
Remark 4: We note that there always exists a 0 € K that
satisfies (21) and I — § € K. Particularly, we can choose

3(s) = émin{/osmin{y‘w7;}ds,;}

with ¢ € (0,1) and g € K is any continuously differentiable

dé(s) 1
ds < 2

(22)

lower bound of p. Then, this function satisfies 0 <
and §(s) < min{yg(ﬂlij_s)), s/2} for any s > 0.

It remains to ensure both the dwell time property and com-
pleteness of maximal solutions. Note that, for any given initial
condition, the first jump generated by H'; occurs later than
the one generated by H . Using this argument, we can prove
that 7{’; has a semiglobal dwell-time outside .A. Lastly, com-
pleteness of maximal solutions follows similarly to the proof of
Lemma 1. We can, thus, state the following stability result for
the redesigned dynamic technique.

Corollary 4: Consider system H% and suppose Assump-
tions 1 holds. Then, set A defined by (17) with § > 0is UGAS.[]

C. Fixed Threshold on Network-Induced Error

Different to the abovementioned two strategies that take into
account both x and e in their triggering conditions, we now study
a strategy that generates a transmission when |e| is greater than
or equal to a fixed value [35]. This mechanism is considered in
numerous studies, see, e.g., [8], [24], [25], [26], [13, Sec. V.D].

1) Model: The fixed threshold strategy, also called absolute
event-triggering, consists in generating a transmission whenever
le] > d' for some tunable parameter d’ > 0. We can equiva-
lently write this conditionas y(|e|) > v(d') =: dwherey € K,
comes from SA1, and consider d > 0 as the tunable parameter.
We note that this strategy does not need the auxiliary variable

7, i.e., ny = 0. As a result, the hybrid model for this case
corresponds to (7), without 7, and with flow and jump sets
defined as

C:={q:(lel) <d}, D:={q:(le]) = d}

where ¢ := (z,¢e). As it is clear by now, we use H¢ to denote
the hybrid system corresponding to the fixed threshold strategy,
i.e., system (7) with flow/jump sets (23).

2) Analysis: Let A = A; x Ay with

A= {z eR™ : V(z) <ayoay'(2d)}
Ay :={e e R" : y(le]) < d}

with V, @y, ay,y from SAl. Note that the attractor does not
impose x (and e) to be equal to zero as in the previous ETC
strategies, but a more general set whose “size” depends on d.
From Proposition 6 in the Appendix, the conditions of Theo-
rem 1 are verified with x; = y2 = 0.

Note that system H ¢ admits a uniform semiglobal dwell time
and its maximal solutions are complete, as shown in the proof
of [13, Th. 5]. Then, UGAS of A is derived in view of Theorem 2.

Corollary 5: Consider system Hc. Then, set A defined by
(24) is UGAS. (]

Remark 5: The stability property established in Corollary 5
can also be viewed as practical stability of the origin, which
guarantees that trajectories converge to an adjustable attractor
including the origin. Here, the attractor is A and it can be made
as small as desired by adjusting parameter d. O

Remark 6: As in previous sections, the proposed small-
gain approach provides enough flexibility to redesign—in this
case—the fixed threshold triggering strategy. Particularly, we
could consider the triggering condition y(|e|) > d + 06(|e]), for
0 : R>p — R, instead of y(|e|) > d, so that the small-gain
condition in Theorem 1 holds with nonzero 1, x2. By doing
so, we would change the attractor A5 in (24), which could make
this redesign redundant as we can already change the attractor
As by adjusting d. However, we note that the proposed redesigns
in this article are not necessarily exhaustive and many others can
be proposed depending on the chosen objective, by following a
similar philosophy. O

(23)

(24)

D. Decreasing Threshold on Network-Induced Error

An extra level of flexibility can be added to the fixed threshold
strategy from Section V-C. Particularly, transmissions can be
triggered when |e| crosses a certain decreasing threshold. These
techniques can be found in, e.g., [13], [27], [28], [29].

1) Model: Similar to the dynamic triggering strategy in Sec-
tion V-B, the triggering condition for these strategies can be
written by using the scalar auxiliary variable 7, i.e., n, = 1.
Particularly, the hybrid model is given by (7) with n-dynamics

1= —pBn), qeC
nt=n, g€ D (25)
where 8 € K, and the flow and jump sets are defined as
C:={q:7(le]) <oB(n)+d, n=0,d>0}
D:={q:7(el) = oB(n) +d, n>0,d>0}  (26)

for some o € (0,1). We use Hp to denote this hybrid system.
Note that jumps occur whenever the norm of the network-
induced error is greater or equal than a decreasing threshold
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on 7 plus a constant d. For 7(0,0) = 0, this rule reduces to the
fixed threshold strategy.
2) Analysis: Let A = A; x As with

Av = {(z,m) € R™ xRy :
V(z) <ayo a‘_,l(2d), n= 0}
Ay :={e € R" : y(le]) < 2d}. (27)

As usual, we want to show that A is UGAS via Theorem 2.
First, from Proposition 7 in the Appendix, we know that for this
strategy all conditions in Theorem 1 are verified with

X1(8) = 0, xa(s) = [y F 02(1 + €)oB(s)]”

for all s > 0, any o € (0,1), € > 0, and all s > 0. Complete-
ness of maximal solutions and the dwell time condition follow
similarly to the fixed threshold strategy as in Corollary 5. We
can, thus, state the following result.

Corollary 6: Consider system Hp. Then, set A defined by
(27) is UGAS. O

3) Redesign: Once again we have that the conditions of
Theorem 1 holds with x; = 0 for this strategy, and thus, we
present a redesign that aims to ensure UGAS with nonzero x1,
and thus, enlarges the flow set C' with hopes of obtaining larger
interevent times. To that end, we modify the 7-dynamics to

i=—PBn) +(v(le|lay)),
nt=n, (29)

Note that the redesigned dynamics (29) are different to
(25), in the sense that (29) is no longer open-loop, but it
now involves the network-induced error e. The goal here
is to design 0 € K such that the conditions of Theo-
rem 1 hold. It follows from Proposition 8 that for d(s) <

min {%av oy o 87! (m> vl —=0)Bo3p7!
(M) }, with some v € (0,1) and € > 0, then the condi-

tions of Theorem 1 are satisfied with

x1(s) = max {2av oayto %5(7(\/5))

(28)

qeC
qeD.

o
v(l—o)

[y o2(1+e)ap(s)]’

2570 6@(\/5))}

Xa(s) = (30)

for all s > 0.

As we discussed at the end of Section V-B, we note that,
for any given initial condition, the first jump generated by

"5 occurs later than H p. This argument is used to show
the semiglobal dwell-time condition. Lastly, completeness of
maximal solutions follows similarly to the proof of Lemma 1 in
the Appendix. Therefore, we can state the following.

Corollary 7: Consider system #7,. Then, set A defined by

(27) is UGAS. ]

E. Decreasing Threshold on V

Different from all the triggering rules studied above, where
the triggering conditions are built upon the network-induced
error, we now study the approach in [14], where the objective is
to keep the value of the Lyapunov function V' in SA1 below a

time-varying designed threshold that decreases to the origin.
This technique has also been applied for the self-triggered
implementation of linear controllers in [43].

1) Model: Transmissions in [14] are triggered at the
violation of V(z(t)) < —puV(x(t;))(t —t;) + V(z(t;)), t €
[tj tj+1), J € Z>p, pr > 0, and t; denotes the jth transmission
instant. We first note that SA1 implies

(VV(z), f(z,e)) < —av(V(z)) +(lel)

holds with ay (s) := ay o @' (s), s > 0, for all x € R™= and
e € R™e. The results of this section will exploit (31), as opposed
to SAI, just to be consistent with [14]. This approach can be
captured by the hybrid model (7) with n-dynamics

€1y

= =B, n2) }
. eC
n2=0 a
+
n =V(z) }
qgeD (32)
ny =V(x)
with flow and jump sets defined as
C={q:V(z) <mm>m} (33)

D ={q:V(z) 2 m, Gy (x)f(z,e) > —o1av(V(z))

m >0} (34)

where ¢ := (x,e,11,12), 8 is assumed to satisfy 8(-,r) € K
for each r > 0, and S(s,-) € K for each s > 0, o1 € (0,1)
is a parameter, and functions V' and ay come from SAI.
We highlight that, in order to apply the small-gain view, the
technique from [14] is first embedded into a novel hybrid model
(32). In fact, note that we now require a vector 7 := (11, 72) to
model the condition from [14], as opposed to scalar n-dynamics
as we used for previous methods. We denote this hybrid system
by H g, i.e., system (7) with n-dynamics (32) and flow/jump sets
(38). We have considered a more general case than [14], since
the strategy in [14] is recovered for 5(n1,72) = une, 1 > 0. In
general, /3 is designed such that

B(s1,52) > oay(s2), (35)

whereo € (0, 01),foroy € (0,1) asper (39). With this choice of
B, we note that V' (x) decreases faster than 7); in view of (31). The
condition %—‘g (x)f(z,e) > —o1ay (V(z)) in the definition of
the set D is used to exclude the Zeno phenomenon. Particularly,
after a jump, we have that 17, = V'(z) and it is not necessary to
jump again since the derivative of V' needs to be greater or equal
to —o1ay (V (2)) before jumping again.

2) Analysis: Let A = A; x Ay with

Ap = {(z,m1,m2) € R™ x R>o x Rx

(‘T7T]1a772) = (Ov 07 O)}
Ay = R". (36)

We verify the conditions of Theorem 1 in Proposition 9 in the
Appendix, and show that they hold with x; = x2 = 0.

By following similar lines to [13, Th. 6], we can show that
system H g admits a uniform semiglobal dwell time outside .A.
Also, its maximal solutions are complete by following similar
arguments as in Lemma 1. We, thus, derive the following stabil-
ity result with the help of Theorem 2.

Corollary 8: Consider system H i and suppose Assumption 1
holds. Then, set .4 defined by (36) is UGAS. O

51,82 20
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3) Redesign: We present two redesigns, which we param-
eterize by some constant & € {0, 1}. That is, we use £ =0 to
define Redesign I, and £ = 1 for Redesign II. We first modify
11 in (32) such that

= —=Bm,n2) + (1= &)d(|x]) + &1(lel), ¢eC
= V() geD (37)
and flow/jump sets as
C={q:V(z)+&dh(le]) <nin =m} (3%)

D ={q:V(x)+&d(le) >m
%(x)f(x,e) > —oray(V(x)),m > 0}

where 9,071,092 € K, are to be designed. We denote the re-
designed version of H i by ;. Note that ¢ relates to Redesign I
(& = 0),and 01, §2 to Redesign I1 (¢ = 1). Consider the attractor
sets

(39)

Ap = {(z,m,m2) € R™ x R0 x R

(33’7717772) = (07070)}
Ay :={e € R" : {e = 0}. (40)

Note that Ay = R™ for £ = 0 and Ay = {0} for { = 1. Hence,
when £ = 0, the attractor set .4; x A5 is not compact, while it is
compact when £ = 1. For Redesign I (£ = 0), we select § € K
so that
0(s) < (3 —v)ay oa;(s) 1)

holds for all s > 0, where o > 0 comes from (35), v € (0,1/2)
is a design parameter, and a; (s) = min{(1/2)ay (s/2),s/4}.
Note that it is always possible to select a function § € IC, that
satisfies (41), take for instance § = o(3 — v)ay o a;. Proposi-
tion 10 in Section V-E ensures the conditions of Theorem 1 hold
with x; = x2 = 0. Following the similar arguments surround-
ing Corollary 7, we can then state the following.

Corollary 9: Consider system H'%, with £ = 0 and suppose
Assumption 1 holds. Then, set A defined by (40) is UGAS. O

Note that the Redesign I (£ = 0) does not derive a nonzero
X1 as in the previous sections. This is due to the fact that A in
(40) is not compact for £ = 0. However, the intertransmission
times may still increase since we are enlarging the flow set, as
we illustrate with an example in Section VI. On the other hand,
for Redesign I (¢ = 1), given any ¢ > O and 65 € K, we select
81 € Ko sothat 61 (s) < o(1/2 — v)ay o dy(qizs) forall s >
0. Then, from Proposition 11, the conditions of Theorem 1 are
satisfied with nonzero gains

01(V's)

~_1 1
=0 g

X2(s) = [(1 + )3y (s)]”

forall s > 0. Moreover, Redesign II allows for stronger stability
results (for a compact attractor) compared to both [14] and
Redesign I. We formalize it in the following.

Corollary 10: Consider system H', with £ = 1 and suppose
Assumption 1 holds. Then, the origin is UGAS. g

We will see on an example in Section VI that Redesign
II may provide larger interevent times compared to [14] and
Redesign L.

(42)

F. Combined Triggering Strategy

We have already highlighted the flexibility of the proposed
approach in the sense that it not only covers many existing
approaches in the literature, but it also allows for simple re-
design. In this section, we aim to highlight such flexibility even
further by studying a combination of existing ETC strategies,
which we call combined triggering strategy. We only show one
example of such combined strategies, but that many more can
be considered. The combined strategy we consider below is the
combination of the relative threshold in Section V-A and the
decreasing threshold on |e| from Section V-D.

1) Model: The resulting model for this strategy is (7) with
n-dynamics as per (25), and flow and jump sets defined as

C:=A{g:7(le]) < omax{B(n),av(|z])},n > 0}
D :={q:~(lel) = o max{B(n), av (|z[)},n > 0}

where ¢ := (z,e,m) and o € (0,1). We denote this model by
‘H . Note that the combination of the ETC strategies is reflected
in C' and D. Also, for simplicity, we have considered only the
purely decreasing part of the strategy from Section V-D, i.e.,
d = 0 1in (26). This strategy has also been studied in [13, Sec.
V.A] with a slightly different triggering condition.

2) Analysis: Let A = A; x As with

Ap = {(z,n) € R"™ xR : (z,m) = (0,0)}
Ay :={e €R"™ :e=0}.

(43)

(44)

The conditions of Theorem 1 are verified in Proposition 12
in the Appendix. Particularly, we show that for this combined
triggering strategy such conditions hold with gains

Xl(S) = 0

x2(s) = [y o (L+e)a(av oay'(s) + B(s))]

forall s > O and € > 0.

The existence of a uniform semiglobal dwell time outside .4
for system H r is guaranteed by following similar lines as the
proof in [13, Th. 2]. This with the completeness of maximal
solutions, as discussed in Corollary 3, implies the following
result.

Corollary 11: Consider system H r and suppose Assumption
1 holds. Then, set .4 defined by (44) is UGAS. O

3) Redesign: For this redesign, we modify the original -
dynamics in (25) as

i=—B8n)+((lel),
nt=n, qeD

)

qeC
(46)

where functions 3,6 € K are to be designed. We denote the
redesign of Hp by HY%, i.e., system (7) with n-dynamics (46)
and flow/jump sets (43). It follows from Proposition 13 in the
Appendix that for §(s) < va; o@; oGyt o ms, for some
ve (0,1), where ay(s):= (1 —o)min{ay(s/2),5(s/2)},
ai(s) =ay(s) +s, and d1(s) := ay o ay'(s) + B(s), then
the conditions of Theorem 1 are satisfied with gains

1 1
xi(s) =@ a0 —o (v(s%))

Xa(s) = [y o (14 e)a(av oayi(s) + B(s)]*  @7)

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on October 03,2023 at 05:47:52 UTC from IEEE Xplore. Restrictions apply.



MAASS et al.: EVENT-TRIGGERED CONTROL THROUGH THE EYES OF A HYBRID SMALL-GAIN THEOREM

5915

for all s > 0. The existence of a uniform semiglobal dwell
time outside A for system H. is guaranteed by using similar
arguments surrounding Corollary 4. This with the completeness
of maximal solutions, as discussed in Corollary 3, implies the
next result.

Corollary 12: Consider system H%. and suppose Assump-
tion 1 holds. Then, set .4 defined by (44) is UGAS. O

Remark 7: An important advantage in studying combined
triggering strategies is that they may generate less transmissions
compared to each individual method. Moreover, the proposed
small-gain view in this article provides a systematic and simple
approach to combine different existing ETC strategies and tackle
their stability. ]

VI. NUMERICAL EXAMPLE

We now illustrate how the redesign flexibility that the small-
gain perspective provides can be used to potentially reduce the
number of transmissions. To that end, we study the redesigns
from Sections V-A3, V-B3, V-D3, V-E3, and V-F3, and we com-
pare them to their original versions. Consider for this purpose,
the nonlinear dynamics of a single-link robot arm &, = Azp, +
Bu — ¢(xp), which s stabilized with a state-feedback controller

of the form u = Kz, + B ¢(zp), where A=) [],B=

[0 1]7, and ¢(z,) = [0 sin(xp1)]". The gain K is designed
such that the eigenvalues of A+ BK are —1 and —2. We
consider that only the state x, is sent over the network, and
thus, e = &, — . Note that x = x, in (6) since the controller
is static and, thus, n, = 0 in (3). Under this setting, we can

show that SA1 is verified with V (z) = 2" Pz, P = [73 5 5955],

ay (8) = Amin(P)s?, @y (8) = Amax (P)s?, ay(s) = (1/2)s?,
and v(s) = 2(|P| + |PBK|)? s? for any s > 0. Moreover, As-
sumption 2 is satisfied with ¢ = Apax(P)/Amin(P). We have
chosen 0 = 0.1, # = 1, and S(n) = n for any n > 0. For the
strategy in Section V-E, we have chosen 3(n1,72) as per (35)
with 01 = 0.99. Lastly, the redesign parameter  for each trig-
gering strategy has been chosen as per Sections V-A3, V-B3,
V-D3, V-E3, and V-F3, with v = 0.99 and ¢ = 10~*, where
applicable. For Redesign Il in Section V-E, 41 is chosen to satisfy
the condition above (42) with da(s) = s,s > 0.

We have run simulations for each triggering strategy for
10 different initial conditions (0, 0) uniformly distributed on
the circle centered at the origin of radius 20. In all cases, we
have selected €(0,0) = (0, 0) and 1(0,0) = x(0,0) " Pz(0,0),
when relevant. The obtained average, minimum, and maximum
intertransmissions times over the 10 simulations are summarized
in Table I. We can see that, in every triggering strategy, the
redesigned technique generates larger average interevent times
than the corresponding original one. This translates in fewer
transmissions, while still guaranteeing desirable stability condi-
tions. A similar improvement is seen for the minimum interevent
times, with the exception of the decreasing threshold on |
strategy in Section V-D, and the combined strategy technique
in Section V-F, which give the same value as the original
technique. With regards to maximum interevent times, it can
be seen that the considered redesigns also provide an improve-
ment, with the exception of the dynamic triggering strategy in
Section V-B. We note that the redesigns proposed in this article
are not necessarily exhaustive: they open the door for potentially
more extensive redesigns by following the same small-gain
philosophy.

TABLE |
AVERAGE (7ava), MINIMUM (7yn), AND MAXIMUM (Tiax)
INTERTRANSMISSION TIMES OVER TEN DIFFERENT INITIAL CONDITIONS AND
AN INTERVAL OF 10 (CONTINUOUS) TIME UNITS

ETC strategy Tavg Tmin Tmax

Section V-A Orlgn.lal 0.0587 0.0158 0.1080
Redesign 0.0888 0.0236 0.1611

Section V-B Or1g11'1a] 0.4342 0.0794 1.4226
Redesign 0.4377 0.0798 1.3237

Section V-D Orlglr}al 0.1790 0.0167 2.4225
Redesign 0.2152 0.0167 2.8364

Original 0.6204 0.6103 0.6955

Section V-E  Redesign I 0.6209 0.6108 0.6968
Redesign II 0.6749 0.6591 0.7950

Section V-F Orlgn.lal 0.2045 0.0173 1.2252
Redesign 0.2163 0.0173 1.3314

The bold quantities denote whether the "Original" or "Redesign" has a larger
value of average, minimum, and maximum inter-event time, for each ETC
strategy.

Lastly, we would like to highlight that the purpose of this
section is to show the possible improvements brought by the
redesigned techniques and not to compare the different trigger-
ing conditions with each other; this type of comparisons have
already been done in [11] and [13], for instance.

VIl. CONCLUSION

We proposed a unifying perspective to cover various com-
monly used ETC techniques in the literature under one umbrella.
The design consists of choosing the dynamics of auxiliary
variables and the construction of the jump and flow sets in
an appropriate hybrid system description such that a hybrid
small-gain theorem hold. We provided clear viewpoints on the
essential differences and similarities of these ETC strategies.
We also demonstrated the flexibility of the small-gain view as it
easily provides redesigns for each of these schemes, which leads
to the same stability guarantees as the original event generator;
however, typically using less transmissions, as demonstrated by
simulations.

We note that this viewpoint was not directly applicable to
some triggering rules proposed in the literature, such as those
based on time-regularization [44], the dynamic rule in [13,
Sec. V.B], and the event-holding strategy in [45]. It seems
that for these strategies a dissipativity approach might be more
appropriate, which will be investigated in future work. An-
other interesting direction is to study codesign of controller
and ETC rules under a small-gain view. In this context, re-
design of controllers for improved robustness is of interest,
together with the inclusion of plant external disturbances. We
believe that this work can serve as a foundation for these
generalizations.

APPENDIX A
Here, we provide the detailed statements and proofs surround-
ing the main results in Section V.
A. Relative Threshold Strategy in Section V-A

The following proposition shows that the relative threshold
strategy satisfies the conditions of Theorem 1.
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Proposition 1: Consider system # 4. Then, the conditions of
Theorem 1 are satisfied with A;, Ay in (10), Vi(z) = V(x),
Va(e) = |e|? for any x € R™ and e € R™, a,(s) = ay (s),
@1(s) = ay(s), as(s) = @a(s) = s2, x1,x2 in (11), a1 (s) =
(1 —o)ay(s),any ag € Ky, with, ay coming from Assump-
tion 1, for any s > 0. O

Proof: We first consider the z-system with V; = V" and show
that the conditions of Theorem 1 are satisfied. V; satisfies item
(i) of Theorem 1 in view of item (i) of SAl. Let ¢ € C. The
definition of set C'in (9) implies that y(|e|) < oay (|z|), which
with SA1, leads to (VVi(x), f(z,e)) < —ay(Jz|) +v(le]) <
—(1 = o)ay (Jz|) = —ai(|x|). Hence, item (ii) of Theorem 1
holds with x1(s) = 0 for any s > 0. Let ¢ € D. Since = does
not change at jumps, we have that* Vi () = Vi (z) in view of
(7). Then, item (iii) of Theorem 1 holds.

We now consider the e-system with Lyapunov func-
tion Va(e) =|e|?. Va satisfies item (i) of Theorem 1
with ay(s) =as(s) =s? for any s>0. Let g€ C. It
follows from (9) and item (i) of SAl that ~(le|) <
oay(|z]) < oay oayt (Vi(z)), and thus, Va(e) = le[? <
(v Lo (oay oayt(Vi(2))))? =: X (Vi(x)). Hence, for any
e>0, Vae) > (1+e)xy(Vi(z)) =: x2(Vi(x)) contradicts
the fact that ¢ € C. Consequently, for any as € Ku, Va(e) >
x2(Vi(x)) = (VVa(e), g(z,e)) < —as(|e|) vacuously holds.
On the other hand, when Va(e) = x2(Vi(z)), noting that
Va(e) < X2(Vi(z)) = mizxe(Vi(z)) on C, we necessarily
have that = 0 and thus e = 0, and thus (VV5(e), g(z,¢)) =
—a(|e]) = 0 holds in this case, for any ap € K. Therefore,
item (ii) of Theorem 1 is verified. Let ¢ € D. We have that
Vo(e™) = 0 in view of (7).

Lastly, the small-gain condition in item (iv) holds as x1 (s) =
0 for any s > 0, concluding the proof. [ |

The following proposition applies to the redesigned relative
threshold strategy presented in Section V-A3.

Proposition 2: Consider system H’, and suppose Assump-
tions 1 and 2 hold. Then, the conditions of Theorem 1 are
satisfied with Ay, As, V1, Vo, ay, @1, as, @s in Proposition 1,
X1, X2in(13),a7 = (1 — v)(1 — o)ay forsomer € (0,1),and
any as € K. O

Proof: We only need to prove that items (ii) and (iv) of
Theorem 1 are verified in view of Proposition 1.

Let ¢ € C' and consider the z-system with V3 = V. In view
of item (i) of SAl and (12), (VVi(z), f(z,e)) < —(1 —
o)y ([]) + 81(Jel).  Hence, 8y(le]) < v(1 — a)ay (Jol),
with v as above, implies (VVi(z), f(z,e)) < —(1 —v)(1 —
o)ay(|z]) =: —aq(Jz]). In view of item (i) of SAl and
using Va(e) = |ef*, 67(v/Va(e)) < v(1 - o)ay oay! (Vi(z))
implies dv(le]) < v(1 —o)ay(|z]) and, thus, item (i) of
Proposition 1 holds with x; in (13).

Consider the e-system now and g € C. In view of (12) and
item (i) of SAL, v(le]) < 10 ;
Va(e) = le]?, Va(e) < [y 1o (Zav oay (Vi(z)))]? As a

ay oyt (Vi(z)) and, since

’In all the proofs of the Appendix, when we write (with some abuse of
notation) =1, et nt for vectors z, e, n, we mean x, 0, £2(q) in view of (8),
respectively.

result, in view of the definition of x5 in (13) and since v~ Le Ko,
Va(e) > x2(Vi(2)) = [y ' o (1 +¢)1%5av 0 i (Vi(@))]%,
which contradicts the fact that ¢ € C'. We then follow the same
reasoning as in the proof of Proposition 1.

The last property we need to check is the small-gain condition.

Since § € (O, 171;_;'06) , there exist v € (0, 1) sufficiently close
to 1 and € > 0 sufficiently small such that
1) o 1
1 - 48
1—5( +5)V(1—0)<c (48)
where ¢ comes from Assumption 2. From (13), for any s > 0
6(1
X1 0 x2(s) = ay oay! (H i5O‘V Oa\_/l(s)) '

Let s > 0. From (48), and since the involved functions are
strictly increasing, we derive X1 o x2(s) < @y ooy (tay o
ay! (s)). Invoking Assumption 2, we derive y1 o x2(s) < @y o
oyt (ay o @yt (s)) = s. Hence, the small-gain condition is ver-
ified, which concludes the proof.

B. Dynamic Triggering Strategy in Section V-B

The following proposition shows that the dynamic triggering
strategy satisfies the conditions of Theorem 1 with 6 > 0.

Proposition 3: Consider system Hp with 6 > 0. Then,
the conditions of Theorem 1 are satisfied with A; and
Ay in (17), Vi(x,n) = V() +n for any (z,n) € R" x R,
Va(e) = |e|? for any e € R™, o, (s) = min{ay (s/2),s/2},
a1(s) =ay(s) + s, as(s) = aa(s) = s, ai(s) = min{(1 —
o)ay(5),B(3)}, any as € Ky, and x1, x2 in (18), for any
s> 0. O

Proof: We first study the (x,n)-system with the Lyapunov
function Vi (x,n) = V() + n.Item (i) of Theorem 1 is satisfied
in view of item (i) of SA1 and [46, Remark 2.3]. Let ¢ € C. In
view of item (ii) of SA1

(VVi(z,n), Fi(z,e,n))

< —(1—o)av(|z]) - Bn)

< —min {(1 — o)av(|(z,n)]/2), 8((z,n)|/2)}
= (|(z,m)])

where the last inequality follows from [46, Remark 2.3]. Con-
sequently, item (ii) of Theorem 1 holds with y;(s) = 0 for
any s > 0. Let ¢ € D. We have that Vi (zt,n") = Vi(z,n)
in view of (7) and (14). We now consider the e-system with
Va(e) = |e]?. Ttems (i) and (iii) of Theorem 1 hold in view
of Proposition 1. We now verify item (ii) of Theorem 1. Let
g € C. From (i) of SAI, (15) and the definition of V1, y(Je|) <
i1+ oay(|z|) < X2 (Vi(z,n)), with X, defined after (18). This
implies, by definition of V3 that Va(e) < [y 1 (X2 (Vi(z,n)))]2.
Hence, Va(e) > [y (1 + €)% (Vi (. )% = xo(Va(x, ).
which contradicts the fact that ¢ € C. Thus, item (ii) of Theo-
rem | holds by following the same reasoning as in the proof of
Proposition 1. Lastly, the small-gain condition holds trivially as
X1 = 0. |
The following proposition shows that the dynamic triggering
strategy satisfies the conditions of Theorem 1 with 6 = 0.
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Proposition 4: Consider system Hp with § = 0. Then, the
conditions of Theorem 1 are satisfied with A; and A5 in (17),
Vi, ay, @1, o1 as per Proposition 3, and V5 (e) = [e[%, for any
e € R, any a,(s),qa(s) € K satisfying a,(s) < @a(s) for
s> 0,any as € Ky, and x1(s) = x2(s) =0,s > 0. O

Proof: Consider the (x,n)-system. Items (i)—(iii) in Theo-
rem 1 for the (z,7n)-system follow exactly as in the proof of
Proposition 3. Now consider the e-system with Va(e) = [e|%_ .
Since § = 0 implies Ay = R"<, then V3(e) = [e|%, = 0 for all
e € R™. Therefore, item (i) follows for any a,(s), @2(s) € K
satisfying a(s) < @a(s), for any s > 0. Moreover, items (ii)
and (iii) trivially follow. Lastly, the small-gain condition in item
(iv) follows straightforwardly given x; = x2 = 0, concluding
the proof. |

The below lemma shows that all maximal solutions to system
‘H p are complete.

Lemma 1: Each maximal solution to H  is complete. ]

Proof: Letq = (z,e,n) € C'\ D.If n > 0, then there exists
a neighborhood U of ¢ such that for any ¢’ = (x,e,/) € U,
n' > 0. Then, for any ¢ € U, F(¢')NTc(q) # 0, since
Tc(¢)=R™ and F(¢')€Tc(¢), where F(¢)=
() ), gl ), —B(n) + oav (') — (). On the
other hand, if n = 0, necessarily ooy (|z]) —v(le]) > 0, as
g € C'\ D. Hence, there exists a neighborhood U of ¢ such
that for any ¢ = (z,/e/n) €U, ocay(|2']) —~(l¢]) > 0.
Then, F(¢')NTc(q') # 0 for any ¢ € U, since Te(q') =
R™= e x Rug and F(¢') = (f(w) ¢, g(,'€'),0) € Te(q).
Moreover, note that G(D) C C'U D, where G(q) = (x,0,7).
Hence, any maximal solution is complete in view of [22,
Prop. 6.10]. |

The following proposition applies to the redesigned strategy
proposed in Section V-B3.

Proposition 5: Consider system H';. Then, the conditions
of Theorem 1 are satisfied with Ay, Ao, V1, Vo, aq, @1, ay, ao
from Proposition 3, x1, x2 in (22), a1 = (1 — v)a; (s) for some
v € (0,1) with &1(s) := min{(1 — 0)ay(s/2), 5(s/2)}, and
any as € K. |

Proof: We only need to prove items (ii) and (iv) of Theorem 1;
the proofs of items (i) and (iii) follow as per Proposition 3.

Let ¢ € C and consider the (z,7)-system with V; as given in
Proposition 3. In view of SA1 and (19),

<VV1(.§C,77),]:1(.73,€,77)>
< —(I—o)av(|z]) — B(n) +(v(lel))
< —a(|(z,m)) +6(v(Je]))-

Note that if Vi(xz,m) > x1(Va(e)) with x; in (22),
then d(v(le])) < vaq(|(x,n)]), with v € (0,1), and thus
(VVi(z,m), Fi(z,e,n)) < —aq(|(x,n)]), as desired.
Consider the e-system and let ¢ € C'. We have that (I — 0) o
Y(el) < 3+ oay(lo]) < ax(Vilw,m)  with as(s) i= 3 +
oay(ay'(s)). This implies that Va(e) <[y to(I—4d) to
az(Vi(x,m))]? for ¢ € C. Now, from the definition of Y in
(22),if Va(e) > x2(Vi(x,n)), then ¢ € C'is contradicted, so the
right-hand side of item (ii) of Theorem 1 vacuously holds in this
case for any ay € Ko. The case where Va(e) = x2(Vi(z,n))
can only occur at the origin, like in the proof of Proposition 1,

which also leads to the satisfaction of the right-hand side of
item (ii) of Theorem 1.

We are left with proving that the small-gain condition holds.
With the definition of x1, y2 in (22), we have that 1 o x2(s) =
a1 0a; (26((1+€)(I —8) ' oas(s))). Therefore, we need
0 € Ky to satisfy

§(s) <vagoa;toayto(l —96)

49
° T 2° (49)
so that y30x2(s) <s for all s>0. Let p:=a,0a;" o
ay'. Then, (49) implies o~ '((1/v)d(s)) +d(s/(1+¢)) <
s/(1+¢), which holds if we have o ((1/v)d(s)) <
sy and 0(s/(1+¢)) < 557~ In other words, i(s) <
min{yg(ﬁ), s/2}, for any s > 0, ensures the small con-
dition holds, and the proof is, thus, complete.

C. Fixed Threshold Strategy in Section V-C

The following proposition shows the fixed threshold strategy
in Section V-C2 satisfies the conditions of Theorem 1.

Proposition 6: Consider system . Then, the conditions of
Theorem 1 are satisfied with .4; and Ay as in (24), Vi(x) =
max{V (z) — @y o ay' (2d),0}, Va(e) = le[?, for any x €

R™ and e € R™, some a;,a1 € Koo, () = ta(s) = s,

x1=x2 =0, 1(s) = tay oay! o ay(s), for any s > 0, any

as € Ky, With ay, @y, ay, from Assumption 1. O
Proof: We consider the xz-system and show that the

conditions of Theorem 1 hold. Item (i) of Theorem 1

holds by [22, p. 54]. Let ¢ € C. The definition of set C' in

(23) implies that v(|e]) < d, i.e., e € Ay, which with item

(i) of SAIl, leads to (VVi(z), f(x,e)) < —ay(|z]) + d.

When ¢ € C'\ A, necessarily = ¢ A; as e € A;. Thus,

Vi(z) =V(z) —@y oay(2d). On the other hand,

Lay oay! (i(2) +d = Yoy 0y (Vi(e)) + ay o

ayt oy ooyt (2d)) < av o@y (Vi(x) +ay o

oy (2d) = av o

@y (V(x)). Hence, in view of item (i) of SA1

(VWVi(2), f(z,e)) < —ay OEQI(V(:E)) +d

1
< —zav 0@ (@)

1 _
< —zav o oy (lla,)

= —on(fzla,)- (50)

When ¢ € A, (50) also holds since (VVi(z), f(x,e)) =0=
—aq(|x|4,) in this case. Then, item (ii) of Theorem 1 holds
with y; = 0. Item (iii) of Theorem 1 holds as = does not change
at jumps.

We now consider the e-system and Va(e) = |e|%_ . V3 satisfies
item (i) of Theorem 1 with i, (s) = @a(s) = s? for any s > 0.
Letq € C.Notethat V5 islocally Lipschitz, see [47, Lemma 1.2].
We distinguish two cases: (1) y(Je|) < d and (ii) y(|e|) = d. For
case (i), for any a; € Koo, Vo' (€5 9(x,€)) = 0 = —a([efa,)
holds as |e|4, = 0. Consider case (ii), which means that ¢ €
C' N D, and consider F(q) € Tc(q), q := (x,e).[13, Lemma4]
shows that 0 = (Vd, f(z,e)) > (V7(le|), g(x,e)). Then, we
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have that item (ii) of Theorem 1 holds with x2(s) = 0 for any
s > 0, in view of the definition of V5 and + is of class-KC... Item
(iii) holds as per the other proofs in the Appendix. Lastly, item
(iv) holds as x; = x2 = 0, completing the proof. ]

D. Decreasing Threshold on Network-Induced Error in
Section V-D

The following proposition shows the decreasing threshold
strategy on the network-induced error satisfies conditions of
Theorem 1.

Proposition 7: Consider system H p. Then, all conditions of
Theorem 1 are satisfied with A, , A5 as in (27), Vi (z,7) = max
{V(2) —ay o ay'(2d),0} +n for any (z,7) € R x Rs,
Va(e) = |ef%, for any e € R", some a;,@; € Koo, a(s) =
a(s) = 52, ai(s) == max{min{(1 — 0)B(s/2), (1/2)ay o
ay'(ea(s/2)/2)}, Blay (s))}, any oz € Ko, and x1, X2 as per
(28). O

Proof: Consider (x,n)-system with Vi (x,n) = max{V(x)
— @y o ay(2d),0} + 7. Since V; is continuous, zero only on
A1, and radially unbounded with respect to .41, then item (i) of
Theorem 1 holds by [22, p. 54]. Let ¢ € C. We consider two
cases: (i) (z,n) ¢ Ay and (i) (z,n) € A;. Consider case (i),
which holds either for (ia) V (z) > @y o oy, (2d) andn > 0, or
(ib) V(z) <@y o a{,l (2d) and 1 > 0. For (ia), we have that,
from SA1, and since ¢ € C'

<VV1(£C, 77)7]:1(1'7 6777»

< —ay(|z|) +v(le]) = B(n)
< —(1—-0)B(n) — (av o' (V(z)) — d)
<—(1-0)B(n)

— tavoay (V(z) —av ooy’ (2d))

—(1—0)B(n) — savoay (Vi(z,n) —

IN

n)

where the latter follows from V(z) > @y o oy, (2d) and the
definition of V;. By writing Vi = V;/2 + V; /2, we have from
the above that, if 7 <Vi(z,n)/2, then (VVi(z,n),F:
(z,e,m)) < =(1—0)B(n) — savoay’ (Vi(z,n)/2) < —min
{1=0)8(I(z.ma, /2). (/2)ay 0 @y (e (I(z, )| /2)/2)},
where we used [46, Remark 2.3]. On the other hand, if
0> Vi(w,m)/2, then (VVi(z,n), File,e.n)) < —(1— o)A
(Vi(2,m)/2) <1 —0)B(a (I(2,m)|4,)/2) since o € (0,1)
and (3 is nondecreasing. Therefore, for case (ia), (VVi(z,n),
Fi(,e,n)) < —max{min{ (1 — o) B(|(z, m)|4,/2), (1/2)ay o
(s (12 ma /2)/2)}, (1 — 0)Bla (2, 1) 4, /2))} Now
consider case (ib), where V(z) <@y oy (2d) and > 0.
Then, Vi(x,n)=mn, and thus, (VVi(z,n), Fi(z,e,n)) =

=B(n) = =BVi(z,n)) < —B(a;i(|(x,n)|4,)). Now consider
case (ii), ie., (z,m) € .A;. In this case, we have that
Vi(z,n) =0, and thus, (VVi(z,n),Fi(z,e,n))=0.

Consequently, from all the abovementioned cases, item (ii) of
Theorem 1 holds with x; = 0, and a4 (s) := — max{min{(1l —
0)B(s/2), (1/2)ay oy (a;(s/2)/2)}, Bla ())}. liem (i)
holds in view of (7) and (25), i.e., Vi (x*,n™) < Vi(z, 7).

Now consider the e-system with Va(e) = |e[%,. Va satis-
fies item (i) of Theorem 1 with a,(s) = @x(s) = s2, for any
s > 0. Let ¢ € C. We distinguish two cases: (i) e &€ A, and
case (ii) e € Ay. Consider case (i), i.e., y(|e]) > 2d. Since
g € C, we have that y(le]) <o8(n) +d < oB(Vi(z,n))+
d < oB(Vi(z,n)+ 2v(le]) < 208(Vi(z,n)). Then, when
Va(e) = le|4, > x2(Vi(x,n)), we have that, since &> 0,
~v(lel) > v(lela,) > 208(Vi(x,n)), which contradicts ¢ € C'.
Therefore, for any s € K, and x2 in (28), Va(e) >
x2(Vi(z)) = V5 (e;g(z,e)) < —aa(lela,) vacuously holds.
Now consider case (ii). Since here e € Ay, we have |e|4, =
0, and thus, V3 (e; g(x,e)) = —aa(le|4,) = 0 holds for any
ag € K. Hence, item (ii) of Theorem 1 holds. Item (iii)
holds since Va(et) = 0 < Va(e). Lastly, the small-gain con-
dition in item (iv) trivially holds since yx; = 0, concluding the
proof. |

The following proposition relates to Section V-D3.

Proposition 8: Consider system H',. Then, all conditions of
Theorem 1 are satisfied with A; and Ay as in (27), Vi (z,n)
= max{V(z) — @y 0o} (2d),0} + 7 for any (z,n) € R
X Rxo, Va(e) = |e|4, for any e € R™, some a;,d; €Kx,
ay(s) = as(s) = s, a1(s) := max{min{(1 — 0)5(s/2),
(1=v)/2)ay 0@y (e (5/2)/2)}, (L—v)ay (5)) . any a €
Koo, and x1, x2 as per (30). O

Proof: We only analyze the (x,7n)-system since the 7-
dynamics are the only change in the redesign, i.e., 2 remains un-
changed. In addition, we only verify item (ii) in Theorem 1 since
items (i) and (iii) follow exactly as in Proposition 7. Let ¢ € C
and we proceed using the same cases as in Proposition 7, i.e., for
case (ia), if n < Vl(x,n)/Z, then (VVi(x,n), Fi(z,e,n)) <

—(1 — 0)B(n) - Qav 05(/ (Vilz,n)/2) + 6(v(lefay))-
Then, if 1} >2ay oav o 75( (vVV2)), for some ve(0,1),

then 6(y(lel,)) < Fav 0@y (Vi(z,1)/2), and (VVi(z,n),
Filz,e,n) < —(1—0)B(n) — S2ay 0@, (Vi(w,n)/2).

Next, case (ib) when 1>V (z,n)/2 implies that (VVi(z,m),
Filw,e,m) < —(1— o)B(Vi (2, m)/2) + 6(1(Jel4,)).  Then,

when V; > 237 1o ﬁé(y(ﬁ)) we have 0(v(le|4,)) <
v(l —o0)B8(Vi(xz,n)/2), and thus, (VVi(x,n), F1(z,e,n)) <
—(1 = )1~ BVi(e,)/2) < ~(1 - 1)1 - 0)Blay

(I(x,m)|4,)/2). Next, for case (ib), we get (VVi(x,n), F1

(z,e,m)) = =B(Vi(z,n)) +

0(v(lela,)). Then, if V5 >
8710 L6(v(VV2)), we get d(v(lela,)) < vB(Vi(z,n)) and
<VV1(*T777)7]:1($7€)77)> < - (1 - V)B(Vl(xan))g_(l - V)

B(aq(|(z,n)|4,)). Lastly, case (ii) follows exactly as in
Proposition 7. From all the above, we note that item (ii) of
Theorem 1 is verified with 1 in (30).

Lastly, we verify the small-gain condition Using (28), we
have that x1 o x2(s) = max{2ay o a;' o 26(2(1 + &) 3(s)),
2871 o (11 U)(S( (I+e)op(s))}. Then as 6( 5) <min{§ay o

771 Qﬁ ( 1+€)0) ( )6025 ( 1+g a—)} X1°X2()
<sforanys>0 |

E. Decreasing Threshold on V' Strategy in Section V-E

The following proposition is for the triggering rule of decreas-
ing threshold on V' in Section V-E2.
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Proposition 9: Consider system Hpg. Then, the conditions
of Theorem 1 hold with Ay, As in (36), Vi (z,m1,72) = max
{(V(@),5(m +m2)}, Vale) =lel3, for any (z,71,m2)
€R™ xRsp xRxy and e € R, q;(s)=min{(1/2)
ay(s/2),s/4}, @i (s) =ay(s)+s, any ay,qs,an € K
satisfying a(s) < @a(s), ai(s) = soay (ai(s)), s >0, ay
as per (31), and x; = x2 = 0. (]

Proof: Consider the (z,n;,72)-system. V; satisfies item (i)
of Theorem 1 in view of item (i) of SA1, and from [46, Remarks
2.2-2.3]. Let g € C and note that here 7, > 7;. Therefore,
No > %(772 + 1), and from (35), we can write B(n1,n2) >
oy (n2) > ody(5(n2 +m)). Moreover, since 72 > 1 >
V(z), then Vi (2, m1,m2) = 3 (1 + n2). Consequently, from all
the above, we get (VVi(x,n1,m2), F1(q)) = —56(1m,m2) <
—(1/2)aay (Vi(z,m,m2)) < —(1/2)oay (ay (|(z,m1,m2)]))-
Then, item (ii) of Theorem 1 holds with y; = 0.

Letq € D.Vi(zt,nf,n3) = max{V(z "), inf + inf} =
V(xz) < Vi(z,m,n2), and thus, item (iii) of Theorem 1 holds.

Consider the e-system now. It is straightforward that item
(i) of Theorem 1 holds with any as, @y € K satisfying
as(s) < @a(s). Since Az = R™e when ¢ € C, then |e|4, =0
and (VVa(e), F2(q)) = 0 = —aa(|e|4,) forany as € K, and
hence, item (ii) of Theorem 1 holds. Item (iii) holds as Vo (e™) =
0. Lastly, the small-gain condition holds as y; = x2 = 0, con-
cluding the proof. |

Proposition 10: Consider system H’, with & = 0. Then,
the conditions of Theorem 1 hold with Ay, Az, Vi, Vo, a4,
Q1, Q,Q2,09,X1,X2 from Proposition 9, and «;(s) =
voay (ay(s)), s > 0, &y as per (31). O

Proof: We only verify item (ii) of Theorem 1 for the
(z,m1,m2)-system since the other items follow as per Propo-
sition 9. Particularly, here we have (VVy(z,11,12), F1(q)) =
—LB(m,m2) + 8(1al) < —odv (ay (1(z,m,m))) +
d(|(z,m1,m2)]). The proof is complete by using the choice
of § in (41). [ |

Proposition 11: Consider system H’, with & =1. Then,
the conditions of Theorem 1 hold with Ay, As as per (40),
Vi, aq, @ from Proposition 9, Va(e) = |e|?, ay(s) = @z(s) =
52, a1(s) = voay(ay(s)), any az € Ky, s > 0, and x1, X2 as
per (42). O

Proof: We only verify items (ii) and (iv) of Theorem 1,
since the other items follow similar to Proposition 9. Consider
the (x,n1,7m2)-system. Let ¢ € C, then, proceeding similarly
to Proposition 9, we can write (VVi(x,n1,12), Fi(q)) =

3B0m,m2) +61(le]) < —goav(Vi(a, 7717772)) + du(lel).
Therefore, if Vi(z,m1,m2) > &, o (1/2 5 051( Vo(e)) =
x1(Va(e)), we have di(le]) < o(1/2 —v)ay (Vi(z,n,n2)),
which in turn implies (VVi(z,m1,m2),F1(q)) < —voday
Vi(z,m,m2)) < — wvoay(aq([(z,m1,72)])). Consider
the e-system now. Let ¢ € C' and note that da(le|) <
V(z)+ d2(le]) < m1 < Vi(z,m1,1m2). Hence, in C, we have
Va(e) = lel? < [0 (Vi (. mi,me))J2.  Hence, if Va(e) >
x2(Vi(x,m1,m2)), with x2 in (42), then ¢ € C'is contradicted,
so the right-hand side of item (ii) of Theorem 1 vacuously
holds in this case for any s € K. The case where V5 (e) =
x2(Vi(2z,m1,m2)) can only occur at the origin, like in the proof

of Proposition 1, which leads to the satisfaction of item (ii) of
Theorem 1.

Lastly, we design d; so that the small-gain condition in item
(iv) of Theorem 1 holds. By deﬁnition of x1 and 2 in (42), we
have 1 0 x2(s) = Gy o e V)Oél((l + )05 (s)). Then, as
9(s) <o(l/2 —v)ay 052(1+6 s), for some € > 0 and J; €
K, we have x1 0 x2(s) < s for any s > 0. [ |

F. Combined Strategy I in Section V-F

The following proposition applies to the combined triggering
strategy from Section V-F.

Proposition 12: Consider system H . Then, the conditions
of Theorem 1 are satisfied with A; and Ay in (44),

Vi(z,n) =V(x)+n, Va(e)=le|*> for any x€R",
ne€Rsy and ee€R™, a,(s) =min{ay(s/2),s/2},
ai(s) =ay(s)+s, ay(s) =as(s) =52 ai(s)=(1—

o)min{ay(s/2),(s/2)}, any as € K, and x1,x2 as per
(45). O
Proof: Consider the (z,n)-system with V;(z,n) = V(x) +
n. Item (i) of Theorem 1 is satisfied as per Proposi-
tion 3. Let ¢ € C. Then, from SAl and the definition of
C. (VVila,n), Fi(z,e.n) < —(1 - o)(av (|e]) + B(n)) <
—aq(|(z,n)]), which implies item (ii) in Theorem 1 holds with
x1 = 0. Item (iii) is satisfied as = and 1 do not change at jumps.
Consider the e-system with V5 (e) = |e|?. Item (i) of Theorem 1
is satisfied with a,(s) = @ (s) = s% forall s > 0. Let g € C,
then ~(lel) < oavy (2]) + o8(n) < olav o a; (Vi(e,m)) +
B(Vi(z,n))]. Hence, if Va(e) = |e|*> > x2(Vi(z,n)), then
v(lel) > (1 +e)olav o ay! (Vi(z,n)) + B(Vi(w,n))]  which
contradicts ¢ € C' since ¢ > 0, and thus, item (ii) of Theorem 1
is satisfied using the arguments in the proof of Proposition 1
for any ap € K. Lastly, item (iv) follows immediately since
x1 = 0, completing the proof. ]
Proposition 13: Consider system H7%. Then, the conditions
of Theorem 1 are satisfied with A; and Ay in (44),
Vi(x,m) =V(x)+n, Vale)=le[* for any xz€R",
e ]R>0 and e € R", q(s) =min{ay(s/2),s/2},
T =T e aals) i) = 2 an(s) = (1-
v)(1 = o)min{ay(s/2),5(s/2)}, v € (0,1), any as € K,
and x1, x2 as per (47). (]
Proof: We only focus on proving items (ii) and (iv) of
Theorem 1 for the x-system, since the proof of other items
and the e-system follow exactly as in Proposition 12. Let
q € C, then, from the proof of Proposition 12 we have
that (VVi(z,n), Fi(z,en)) < —aal(@.n)]) + 3(v(lel)),
where &1 (s) := (1 — o) min{ay (s/2), B(s/2)}. Therefore, if
Vi(z,m) > @ od;' o L6(v(le])) for some v € (0,1), then
5(y(Jel)) < v (|(x.n))). Hence, (VVi(x,n), Fi(z,e.n)) <
—aq(|(z,n)|). Lastly, we design 0 so that the small-gain con-
dition in item (iv) is satisﬁed We have that x1 0 x2 =a; o
a;tods((1+e)o(ay oay! + ﬁ)) Then, since we design §
such that 5(s) <vayoa;toagt ﬁs, where G4 (s) 1=
ay o ay’(s) + B(s), then x1 0 x2(s) < s for any s > 0, com-
pleting the proof. |
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