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Technical Notes and Correspondence

On Lyapunov-Metzler Inequalities and S-Procedure Characterizations for
the Stabilization of Switched Linear Systems

W. P. M. H. Heemels, A. Kundu, and J. Daafouz

Abstract—In this note we present connections between two
celebrated tools for the design of stabilising switching laws for
continuous-time and discrete-time switched linear systems, namely
Lyapunov-Metzler inequalities and S-procedure.

Index Terms—Lyapunov-Metzler inequalities, S-procedure char-
acterization, stabilization, switched linear systems.

|. INTRODUCTION

In this note we study relationships between two celebrated and well-
known methods for the design of stabilising switching laws for switched
linear systems (SLSs) [13], which are given in continuous time by

#(t) = Ay )2 (t) (1
with ¢ € R, and in discrete time by
ac(t + 1) = Ao(t)l’(t) 2)

with ¢ € N. In both cases z(¢) € R" denotes the state at time ¢ and
a(t) € N :={1,2,..., N} indicates which of the subsystems is active
at time ¢. Here, Ay, Ao, ..., Ay are constant matrices in R"*". We
are particularly interested in design techniques for the widely used
min-switching strategies that are state-dependent switching laws given
by

o(t) € argminz(t) ' Pya(t), 3)
JEN

where P; € R"*" is a positive definite matrix associated with the j-th
subsystem, j € IN.
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In the continuous-time setting, a solution to the above design
problem was provided in [9] leading to so-called Lyapunov-Metzler
(L-M) inequalities. These bilinear matrix inequalities (BMIs) involve
as free variables the to-be-designed set of positive definite matrices
{Py, P,,..., Py} and amatrix belonging to a subclass of the so-called
Metzler matrices (see Definition 1 below). If the L-M inequalities are
feasible, a stabilising min-switching strategy as in (3) has been con-
structed. The idea of L-M inequalities was extended to the discrete-time
case in [10].

An alternative method for the design of min-switching laws can
be based on the S-procedure. The S-procedure was used for the first
time in [14] followed by its theoretical justification in [16]. The term
S-procedure (or S-method) was coined in [1], see also, e.g., the sur-
vey [15] and the book [2]. The S-procedure is an instrumental tool
in control theory and robust optimization analysis, see e.g., [2]-[4].
For stability and performance analysis of piecewise linear (PWL)
systems—note that the min-switching law result turns the SLS in a
closed-loop system of the PWL form—S-procedure relaxations are
heavily used in both continuous time and discrete time since the ap-
pearance of the seminal works [5], [12]. In the special case of syn-
thesising a min-switching strategy for a SLS the S-procedure charac-
terizations involve BMIs in which the free variables are formed by
sets of scalar quantities and the to-be-designed set of positive definite
matrices { Py, P, ..., Py}.

In this note we are interested in investigating the relationships be-
tween the L-M inequalities and the S-procedure characterizations for
the stabilization of SLSs as in (1) and (2). In particular, our contribu-
tions are the following:

1) Continuous-time setting (Section 11): For a given SLS we show that
the existence of a solution to the L-M inequalities is equivalent to
the existence of a solution to the S-procedure characterizations.
Hence, this establishes for the first time that in the continuous-time
case the L-M inequalities are in fact equivalent to the corresponding
S-procedure characterization.
Discrete-time setting (Section II1): For a given SLS we show that
if the L-M inequalities admit a solution, then there exists also a
particular solution to the S-procedure characterization. In addition,
we explicitly show that the S-procedure characterization contains
relaxations that are not present in the L-M inequalities, making the
class of SLSs for which the S-procedure characterization is feasible
potentially larger than the class for which the L-M inequalities are
feasible.
Notation and Terminology: For a matrix II € R"*™ the scalar
m;; denotes the element of II in the i-th row and j-th column for
ien=1{1,2,...,n}and j € m ={1,2,...,m}. For a symmetric
matrix M we write M > 0, if M is positive definite. Similarly, we
use M > 0, M <0 and M =<0 for M being positive semi-definite,
negative definite and negative semi-definite, respectively. We will
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employ various (sub)classes of the class of Metzler matrices. Recall
that a Metzler matrix is a square matrix in which all off-diagonal com-
ponents are non-negative.

Il. STABILISING CONTINUOUS-TIME SWITCHED LINEAR SYSTEMS

In this section we consider continuous-time SLSs as in (1) with
switching laws of the form (3) and ¢ € R.

A. The Lyapunov-Metzler Inequalities

A crucial role in the L-M inequalities is played by the following
subset of so-called Metzler matrices, see [9].

Definition 1: For N € N\ {0} the set MY consists of all square
matrices IT € RV Y satisfying 7;; > 0 for all 4,7 € N with i # j,
and the column sums satisfying Zf\zl m;; = 0 for all j € N. Stated
otherwise,

N
MY = {TT e RN |V, ey iy iy 2 0and Vg Y mij; = 0}.
i=1

Theorem 2: [9, Theorem 3] Consider the SLS (1). Suppose that
there exist a set of matrices { Py, Ps, ..., Py } C R"*" and a matrix
II € MY such that

AP+ PjA;+> ;P < 0forallj € N (4a)
ieN
P; = 0forall j € N (4b)

are satisfied. Then any continuous and piecewise continuously differ-
entiable solution z : R>y — R” satisfying &(t) = A, ()z(t) and o
satisfying the min-switching rule in (3) for almost all t € R tends to
zero exponentially'.

The inequalities (4) are called the Lyapunov-Metzler inequalities.
The above theorem was proven in [9] using

V(€) := min¢&' P,¢ with ¢ € R” (5)
ieN
as a Lyapunov function.

B. The S-Procedure Characterization

The following result can be obtained by combining the celebrated
S-procedure [14], [16] with ideas from the stability analysis of piece-
wise linear (PWL) systems [12] using a piecewise quadratic Lyapunov
function as in (5). Note that the closed-loop system given by (1) and
(3) can indeed be written as the PWL system

(t) = Ajz(t), when z(t) € Q; (6)
with for j € N
Q={¢cR" | (P - P)¢ <Oforalli e N\ {j}}. (7

In particular, we will use the following version of the S-procedure
taken from [2, p. 24].

Proposition 3: [2, p. 24] Let Ty, Ty, ..., T, € R"*" be symmet-
ric matrices. If there exist scalars 7,72,...,7, € R>y such that
Ty — >0, ;T; > 0, then for all ¢ € R™ \ {0} it holds that

ETTE>0,i=1,2,....,p= & Tyé > 0.

"Note that in this theorem global exponential stability is established for
standard Carathéodory solutions, but in general not for (all) Filippov solutions
[8] possibly including sliding mode behaviour. See Remark 6 below for a more
detailed discussion on this matter.

In case p = 1 and there exists &, with {,77&, > 0, the converse also
holds. Similarly, if there exist scalars 71, 72,...,7, € Ry such that
Ty — Y7, 7 T; = 0, then for all £ € R" it holds that

€Tn5207 L= 17277p:>€TT0£20
Combining this S-procedure formulation and a reasoning close to

[12, Theorem 1] leads to the following result.
Theorem 4: Consider the SLS (1). Suppose that there exist a set of

matrices { P, P>, ..., Py} C R"*" andasetof scalars {c] }; ;en iz
such that
AP+ PjA; <> al(P; - P,) forallj € N (8a)
ieN
i)
P; = Oforallj € Nanda] >0forallj,i € N,i#j  (8b)

are satisfied. Then any continuous and piecewise continuously differ-
entiable solution x : R>y — R” satisfying @(t) = A, ()z(t) and o
satisfying the min-switching rule in (3) for almost all ¢ € R tends to
zero exponentially.

Proof: Recall that the closed-loop system given by (1) and (3) can
be written as the PWL system (6) with regions defined by (7). Also
note that the Lyapunov function as in (5) is a continuous and piecewise
quadratic Lyapunov function given by V (£) = 7 P;€ when ¢ € €,
j € N. Applying the S-procedure result as in Proposition 3 according
to the ideas in [12, Theorem 1] to the PWL system (6) based on the
Lyapunov function V' proves the theorem (note that indeed (8) implies
that there exists a positive & such that V (z(t)) < —V (x(t)) along any
solution z : R>y — R" as considered in the theorem and for almost
allt € Rzo). |

We call (8) an S-procedure characterization for the synthesis of
stabilising min-switching laws.

C. Connections

Theorem 5: Consider the SLS (1). The following statements are
equivalent:
(i) There is a solution to the L-M inequalities (4).
(ii) There is a solution to the S-procedure characterization (8).
Proof: (i) = (ii): Given that there is a solution to (4), we have

AJP; + PA; + 7P+ Y mi; P <0 forall j €N, (9)
ieN
i#]

From the properties of 11, the left-hand side of the above inequality is
equal to

AJTP] +PjA; + <_Z7T7',j>-Pj + Zﬂ'”PI

ieN ieN
i#] i#j
i#j

Substituting (10) in (9), we obtain for all j € N

AP+ PA; <> mij (P = P),
ieN
i%i

which is exactly (8) with o = 7,;,4,5 € N, i # j.
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(ii) = (i): Since there is a solution to (8), we have

AJP; + PjA; + <—Zo¢{>Pj +Y alP <0 forall j€N.

ieN ieN
i#j i#]
By defining a? ==Y ien oz{ , the above inequality is equivalent to
i#]
AP+ PA; +> alP <0 forall jeN.

Consequently, (4) holds with 7r;; = o foralli, j € N. Note that due to
the definition of o/, j € N, we have that 3, _y m;; = Oforall j € N
and thus IT € MY |

In Theorem 5 we identified the equivalence between the L-M in-
equalities (4) and the S-procedure characterization (8).

Remark 6: 1t is well-known that the L-M inequalities preserve
global exponential stability of (1) under the min-switching strategy
(3) even when attractive sliding modes [8] occur, see [9, Remark 3].
The above is also true for the S-procedure characterization (8), see
[13, p. 70] for an extended discussion on this matter. However, there
are examples which illustrate that so-called repulsive sliding modes
[8] can be unstable under the min-switching law indicating that global
exponential stability is not guaranteed under all Filippov solutions. For
this reason we formulated Theorems 2 and 4 for standard Carathéodory
solutions (in line with [12, Theorem 1]), even though it may be argued
that repulsive sliding modes do not appear in practice for such systems.
See also [11] for more details on how to guarantee stability of sliding
modes in the context of continuous-time PWL systems.

I1l. STABILISING DISCRETE-TIME SWITCHED LINEAR SYSTEMS

In this section we consider discrete-time SLSs as in (2) with switch-
ing laws of the form (3) and £ € N.

A. The Lyapunov-Metzler Inequalities

Also for the discrete-time case a particular class of Metzler matrices
plays an important role in the L-M inequalities, see [10].

Definition 7: For N € N \ {0} the set MY consists of all square
matrices IT € RY >V satisfying 7;; > 0 for all i, j € N, and the col-
umn sums satisfying Zf\zl mi; = 1forall j € N. Stated otherwise,

v
MY = {TeRVN |V, oy mj > 0and Vjey Y mi; =1}
i=1

Theorem 8: [10, Theorem 3] Consider the SLS (2). Suppose that
there exist a set of matrices {P;, P»,..., Py} C R"*" and a matrix
II € MY such that

A_j(ijB>Aj—Pj <0forallj € N (11a)
ieN
P; = 0forallj € N (11b)

are satisfied. Then the closed-loop SLS given by (2) and (3) is globally
exponentially stable.

Similar to the continuous-time case, inequalities (11) are known as
the Lyapunov-Metzler (L-M) inequalities and the above theorem was
proven in [10] by employing the Lyapunov function (5).

B. The S-Procedure Characterization

Based on the reasoning in [5] and using the piecewise quadratic
Lyapunov function (5), we can establish that the PWL closed-loop

system (2)—(3) is globally exponentially stable. This result will be for-
malised in the theorem below exploiting the S-procedure formulation
as in Proposition 3 and observing that the PWL system (2)—(3) can be
written as

z(t+1) € {A;z(t) | x(t) € Q;,j € N},

where ; is as defined in (7). Note that due to (3), the right-hand side
of (12) is setvalued.

Theorem 9: Consider the SLS (2). Suppose that there exist a set of
matrices { P, P, ..., Py} C R"*" and two sets {oe{fi},-‘j‘ke]m#j
and {ﬁfﬂi}i?weﬁ_#i of scalars such that

AJPA; =P <Y o (P —P)+ Y B Al (P — P) A,

(12)

b &
foralli,j € N (13a)
P; = 0forallj € N (13b)
ol " > 0foralli,j, k€ N,k #j (13¢c)
B > 0foralli,j, 0 € N, £ #i (13d)

are satisfied. Then the closed-loop SLS given by (2) and (3) is globally
exponentially stable.

Proof: Due to (13a) being a strict inequality, there exists a 6 > 0
such that

AJPA; —(1-0)P; = Zaiﬁj(Pj - D)

keN
k#j
+D_ B AN (P - P A

foralli,j € N. (14)

Based on (14) we will now prove that for all ¢ € N and all possi-
ble trajectories « : N — R" of (12) the Lyapunov decrease condition
V(z(t+1)) < (1—9)V(z(t)) holds. To do so, observe that for each
trajectory z at time ¢ € N there exist 4,5 € N such that o(t) = j
and o(t + 1) = i. Due to the min-switching rule (3) (see also (12))
o(t) = jand o(t + 1) = 7 imply that

2(t)T (P, — Pj)z(t) > 0forallk € N\ {j} and

x(t) A (P, — P)Ajz(t) > 0forall € N\ {i}.  (15)

Moreover, note that for the case o(¢) = j and o (¢t + 1) = 4 it holds
that

V(e(t+1) - (1-6)V(2(t) = 2 ())(A] P, A, — (1 - 6)P))e(t)
(16)

The fact that (15) implies V (z(t + 1)) — (1 — )V (x(¢)) < 0 follows
now from (16), (14), (13c) and (13d) by application of the S-procedure
formulation as in Proposition 3, see also [5]. By noting that the function
V as in (5) satisfies for some c1, ¢ > 0 that¢1 [|€]|? < V(€) < e ||€]]?
forall ¢ € R" due to (13b) and combining this with standard Lyapunov
arguments, global exponential stability of (2)—(3) follows. |
Note that there are N positive definite matrices and N (N — 1)
free scalar quantities (in matrix II € MJ") involved in a solution
to the L-M inequalities (11), while a solution to the S-procedure
characterization (13) contains NN positive definite matrices and
2N?2(N — 1) scalar quantities. Unlike the case of continuous-time
SLSs, there are now more scalar quantities involved in the S-
procedure characterization (13) than in the L-M inequalities (11).
This is due to the S-procedure characterization using N?(N — 1)
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scalar quantities {of "'}, j.keN k4; corresponding to the regional
conditions x(¢)" Pyx(t) > x(t )TP x(t) when o(t) = j, and another
N2(N — 1) scalar quantities {3] "'}, j.ten ¢zi corresponding to re-
gional conditions z(t + 1) T Pyz(t + 1) > z(t + 1) TPz (t + 1) when
o(t + 1) = i, see also the proof of Theorem 9. However, although the
S-procedure characterization has more free parameters compared to the
L-M inequalities, it also has more constraints. Indeed, the S-procedure
characterization has N2 4+ N matrix inequalities (of size n x n) and
2N2(N —1) scalar inequalities, while the L-M inequalities have
N + 1 matrix inequalities (of size n x n) and N? scalar inequalities.

C. Connections

Theorem 10: Consider the SLS (2). The following statements are
equivalent:
(i) There is a solution to the L-M inequalities (11).
(ii) There is a solution to the S-procedure characterization (13) satis-
fying the following for all i, j € N:
a) al " = 0 whenk # j,
b) Zie]\ ﬁ]w <1,

c) ﬁ’” =B/ fort e N\ {i,r} andr € N.
Proof: (i) = (ii): Pick an arbitrary ¢ € N. Given that there is a
solution to (11), we have from (11a)

Al (/Z mja)Aj —P,+A/PA;— AJP,A; <0 forall j€N.
eN

a7
The left-hand side of the above inequality is equal to

A;r <Z TI'[]'Pg —

leN
(i

1 7ri.7')Pi>Aj — P+ AjPA;.

By the properties of II, the above expression is equal to

<zm

leN
(£

)A - P; +A P A;.

Consequently, (17) can be written as

AlPA; — P < A] (Z ™ (P — Pé)) Aj forall j€N.
(eN
(#i
Recall that i € N was chosen arbitrarily. We therefore conclude that
(13) holds with a’ﬂ =0and 8] " =my; foralli, j, k.0 € N,k # j,
£ # i. Clearly, Z[G\ Bl = en mj = 1 —m; < 1, which gives
(i

property (b). Moreover, due to the choice of ﬁg = jforalli, j, /¢ e
N, ¢ # i also (c) holds.
(ii) = (i): Given that (13) has a solution with (a), (b) and () satisfied

forall7,j € N, we have

P, >AT<P +Y B8NP

(eN
(i

Pl-))A]- foralli,j € N. (18)

The right-hand side of the above inequality can be written as

AJ((l -6 +Zﬂff”P«)AJ
leN

teN
(4i (£i

By the hypothesis that } 3,y ,; B]7" < 1and defining 8/ " := 1 —

D ven (i ]H' > 0, the above quantity is

AT <Z [)’f%) A,

(eN

Substituting this in (18), we obtain for all i, j € N that

Al (Z 5;‘”13{).4_,- — P, <0.

(eN

By taking now ¢ = 1, we obtain (11a) with 7;; = 2"*1 for all j,¢ €
N. Obviously, the resulting I satisfies IT € MY . This completes the
proof. |

In Theorem 10 we showed that in the context of synthesising min-
switching laws (3) stabilising a discrete-time SLS (2), the existence
of a solution to the L-M inequalities (11) is equivalent to the exis-
tence of a solution to the S-procedure characterization (13) that sat-
isfies o] "' = 0 for all k € N, k # j (and further conditions on the
scalars as formulated in (b) and (c) in point (ii) of Theorem 10). Hence,
it is clear that the class of SLSs that lead to solutions to the L-M
inequalities (11) is included in the class of SLSs that lead to solu-
tions for the S-procedure characterization (13). In fact, it is interest-
ing to observe that the S-procedure relaxation based on the knowl-
edge z(t)" Pya(t) > z(t)" Pjz(t) when o(t) = j is not exploited in
the L-M inequalities, even though this is a natural relaxation used
in the stability analysis of discrete-time PWL systems, see [5] and
the proof of Theorem 10. Only the S-procedure relaxations based
on z(t)TAT P Ajx(t) > x(t)TA] P, Ajx(t), £ € N, and related to
o(t + 1) = 1, are partially? embedded in the L-M inequalities. Hence,
the matrix inequalities (13) in the S-procedure characterization exploit
all natural relaxations as also used in [5] for analysing the stability of a
PWL system (in our setting given by (12)), while the L-M inequalities
(11) only exploit a strict subset of them, which is rather remarkable.

Remark 11: In the current setup of the L-M inequalities there is a
direct coupling between the switching law (3) and the adopted Lya-
punov function (5), which are both parameterised through the same set
of {P,, P,,..., Py}. For comparison reasons we adopted the same
Lyapunov function in the S-procedure characterization (13). However,
it is possible to further relax the S-procedure characterization in the
discrete-time case by using an arbitrary piecewise quadratic Lyapunov
function of the form V' (z) = 27 Q, (;) 2 for a set of positive definite ma-
trices {Q1,Q2,...,Qn} C R mstead of the Lyapunov function
in (5). In fact, in this case we can even relax the positive definiteness
requirement on the matrices P;, Q;, i € N. This would lead to the fol-
lowing conditions that guarantee the global exponential stability of (2)
and (3):

There exist two sets of matrices {P;,Ps,..
and {Q1,Q2,...,Qx} CR"™" and three sets {ak

{,BJﬂ‘}, e itis {% Yi.jen iy of scalars such that

PV} C R'ﬂ Xn

}Z]kEV k#j»

AJQiA; = Q; = Yol (P = P) + ) BT A (P = Pi) A
keN (eN
k#j (i

foralli,j € N (19a)

2Partial embedding is meant in the sense that still additional limitations as
formulated in (b) and (c) in point (ii) of Theorem 10 are imposed on the scalars,
while there is no need for that in the application of the S-procedure.
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Q; = > (P, — P forallj € N (19b)
keN
k#j
ol 7" >0foralli,j k€ N,k +#j (19¢)
37" > 0foralli,jl € N.{#i (19d)
v >0forall j,k € N,j#k (19)

are satisfied.

Note that in the continuous-time case this relaxation is less useful as
the continuity requirement on the Lyapunov function (typically required
for guaranteeing stability, see also [12]) leads to an intimate relationship
between { P, P, ..., Py} and {Q1,Qa,...,Qn }.

Remark 12: In the recent works [6], [7] also the stabilizability of
discrete-time switched linear systems was studied and various novel
conditions were presented and analysed. Interestingly, some of the
novel conditions were obtained as extensions of the classical L-M in-
equalities as formulated in (11) (see Section I1I-B in [7]). Interestingly,
for these extended L-M inequalities, which were shown to be equiv-
alent to, amongst others, periodic stabilizability in [6], [7], we could
provide similar S-procedure characterizations as in (13) along the lines
as discussed in Theorem 9 and the proceeding discussion.

IV. CONCLUSION

In this note we compared the Lyapunov-Metzler (L-M) inequalities
and the S-procedure characterizations for the existence and compu-
tation of min-switching signals that stabilise switched linear systems
(SLSs) in both the continuous-time and discrete-time setting. In the
continuous-time case we established that the existence of solutions to
the L-M inequalities is equivalent to the existence of solutions to the
S-procedure characterization. Hence, this shows that L-M inequalities
conceived in [9] can be directly coupled to older stability guarantees for
piecewise linear systems as obtained in, e.g., [12]. For the discrete-time
case we showed that solutions to the L-M inequalities can be converted
into solutions to a special version of the S-procedure characteriza-
tion. In particular, it is of interest to observe that a natural S-procedure
relaxation is not used in the corresponding L-M inequalities (next to ad-
ditional requirements on the scalar variables for the other relaxations).
Such restrictions are not present in the S-procedure characterization,
although at present it is an interesting open problem whether the inclu-
sion of this additional relaxation leads to a strictly larger class of SLSs
that can be stabilised via min-switching signals.

To the best of the authors’ knowledge this is the first time that these
two celebrated tools for the design of stabilising switching laws for
SLSs are explicitly related to each other. Given the wide use of these
tools we believe that these results are useful as they shed some light on
their relationships and their potential conservatism.
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