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1. Introduction

The development of nonlinear control strategies that can over-
come fundamental limitations of linear time-invariant (LTI) con-
trol for LTI systems (Freudenberg, Middleton, & Stefanopoulou,
2000) has a long history starting with the introduction of the
Clegg integrator (Clegg, 1958). Since then, many alternative
strategies have been proposed, including generalized reset el-
ements (Nesic, Teel, & Zaccarian, 2011; Prieur, Queinnec, Tar-
bouriech, & Zaccarian, 2018; van Loon, Gruntjens, Heertjes, van de
Wouw, & Heemels, 2017; Zhao, Nesic, Tan, & Hua, 2019; Zheng,
Chait, Hollot, Steinbuch, & Norg, 2000), split-path nonlinear fil-
ters (Foster, Giesenking, & Waymayer, 1996; Sharif, van der Maas,
van de Wouw, & Heemels, 2022), and hybrid integrator-gain
systems (HIGS) (Deenen et al,, 2021; van den Eijnden, Heertjes,
Heemels, & Nijmeijer, 2020). HIGS recently gained a lot of at-
tention due to its ability to overcome well-known fundamental
limitations of LTI control (van den Eijnden et al., 2020), next
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to its successful use in several engineering applications (Shi,
Nikooienejad, Petersen, & Moheimani, 2022; van den Eijnden,
Knops, & Heertjes, 2018). These promising results indicate the
potential of HIGS-based control, but to enable its wide dissemina-
tion it is important to build a strong analysis and design toolbox.
While linear systems lend themselves well for robust stability
and performance analysis through frequency-domain tools such
as Nyquist and Bode plots (Skogestad & Postlethwaite, 2005),
the switching nature of a control system with HIGS obstructs
direct use of such tools. As the current industrial control practice
highly exploits frequency-domain tools, it is important to develop
similar tools for hybrid control strategies such as HIGS as well to
support their wide adoption in practice.

The above need spurred the development of frequency-domain
tools for stability analysis of switched and hybrid systems, see,
e.g., Arcak, Larsen, and Kokotovic (2003), Beker, Hollot, Chait, and
Han (2014), Dastjerdi, Astolfi, and HosseinNia (2020), Deenen
et al. (2021), Griggs, King, Shorten, Mason, and Wulff (2010),
Kamenetskiy (2017, 2019), King, Griggs, and Shorten (2011),
Kunze, Karimi, and Longchamp (2008), Shorten, Corless, Wulff,
Klinge, and Middleton (2009) and van Loon et al. (2017). Under-
lying these tools is the well-known Kalman-Yakubovich-Popov
(KYP) lemma (Rantzer, 1996), which allows for establishing the
equivalence between frequency-domain conditions and the exis-
tence of a Lyapunov function. In principle, the frequency-domain
conditions can be verified using measured frequency-response
function (FRF) data of the plant to be controlled, thereby making
them useful in practical situations, where sufficiently accurate
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state space models of the plant are often difficult, if not impossi-
ble, to obtain. Moreover, such frequency-domain conditions can
be extended towards robust stability analysis.

Although valuable from a practical perspective, existing
frequency-domain conditions that are applicable to the class
of HIGS-based control systems, such as the ones presented in,
e.g, Deenen et al. (2021) and Kamenetskiy (2017), often provide a
rather conservative estimate on the region of closed-loop stabil-
ity. To some extent, this conservatism is caused by the fact that
the conditions do not sufficiently take into account the particular
switching characteristics of HIGS, and by regarding HIGS as a
generic sector-bounded nonlinearity its underlying dynamics are
ignored (Deenen et al., 2021). It is interesting to remark that
in all aforementioned works, the Lyapunov function that results
from satisfying the conditions is guaranteed to be positive within
the full state space. This may be a restrictive feature of these
results, because HIGS is sector-bounded, and thus trajectories of
a closed-loop system with HIGS are confined to a subset of the
state space.

The main contribution of this paper is the development of
novel frequency-domain conditions for stability analysis of the
feedback interconnection of an LTI system and HIGS. These con-
ditions are novel in the sense that, if satisfied, they guarantee the
existence of a quadratic Lyapunov function that is not necessarily
positive definite within the full state space, but rather in a subset
of the state space where HIGS operates. The same holds true
for negative definiteness of its corresponding time-derivative. To
the best of the authors’ knowledge, frequency-domain conditions
for guaranteeing the existence of a Lyapunov function that does
not need to be positive definite within the full state space have
not been established in the literature before. The new frequency-
domain conditions are a generalization of our preliminary results
in the conference paper (van den Eijnden, Heertjes, Heemels, &
Nijmeijer, 2021), and can be verified graphically in a manner
that is comparable with the classical Popov plot (Khalil, 2002).
We will demonstrate by means of a practical example that our
new frequency-domain condition can show stability in relevant
situations where existing results cannot be applied.

The remainder of this paper is organized as follows. Some
preliminary results are introduced in Section 2. The system set-
ting and the problem formulation are discussed in Section 3. In
Section 4, the main results of this paper are presented in the
form of a theorem that sets forth graphically verifiable frequency-
domain stability conditions. Application of the presented results
is demonstrated on an experimental motion set-up in Section 5.
A summary of the main conclusions is provided in Section 6.

2. Preliminaries
2.1. Notation and definitions

The following notations and definitions are used. A single-
input single-output (SISO) transfer function G(s), s € C, with
real coefficients, is said to be stable, if all its poles are located in
the open left-half complex plane. The real and imaginary parts
of a (complex) frequency response function G(jw) € C, w €
R, are denoted by Re {G(jw)} and Im {G(jw)}, respectively, and
the complex conjugate is indicated by G*(jw), which is equal to
G(—jw). The set of real symmetric matrices in R™*" is denoted by
S™" A symmetric matrix M € S™" is positive (semi-)definite,
denoted by M > 0 (M > 0), if x"Mx > 0 for all x € R" \ {0}
(x"Mx > 0 for all x € R"). Negative (semi-)definite matrices
are denoted in a similar manner by reversing the inequalities.
A matrix A € R™" is said to be Hurwitz, if all its eigenvalues
have strictly negative real part. For matrices we use the shorthand
notations He(X) = X 4+ X' and Pr(X) = X"X. The inequality
symbols >, >, <, < for vectors are understood componentwise.
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Fig. 1. Interconnection of an LTI system G and HIGS #.

2.2. Fundamental result

A general version of the well-known KYP-lemma, which is free
of any hypothesis on minimality of the system, is provided. This
fundamental result plays a central role in the proof of the paper’s
main theorem.

Theorem 1 (Rantzer, 1996, Theorem 1). Given A € R™", B € R™™,
Q e str+mx(n+m) with det(jwl — A) # O for all w € R. The next two
statements are equivalent:

(1) The following inequality holds for all w € R U {00}

. _ -1 * . _ -1
|:(]a)1 IA) B] 0 [le IA) Bj| Y )
(2) There exists a matrix P € S™" such that
AP +PA PB
[ BTP 0]+Q<0. (2)

The equivalence holds for non-strict inequalities in both (1) and (2),
if the pair (A, B) is controllable.

3. System setting and problem formulation
3.1. Closed-loop system description

Throughout this paper, we consider the generic closed-loop
system setting as depicted in Fig. 1.

In Fig. 1, the LTI system G (containing the plant to be con-
trolled, along with possible LTI controller elements) is given by

G:{kg
y

with states x, € R, exogenous inputs w € R”, control input
u € R, and output y € R. We assume that (Ag, By, C;) is minimal
and the transfer functions from u to y and w to y are denoted by

= AgXg + Bgu + By w,
= CgXg,

(3)

[Gyu(s)  Gyu(s)] = Cg(sI —Ag) "' [Bs Bu]. (4)

For many physical systems, such as motion systems containing
floating masses, the next assumption on the relative degree of
the system is generally satisfied.

Assumption 2. The transfer functions Gy,(s) and Gy,(s) given
in (4) have a relative degree of at least two, such that G;B; =
CyB,, =0.

The hybrid integrator-gain system 7 is described by

Xy = wpz, if(z,u,2) € 7y,
H:3xp, =kpz, if(z,u,2) € 7, (5)
u ==X,
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where x, € R denotes the integrator state, z = —y € R is
the input to HIGS, and u € R is the generated output. Within
the context of Fig. 1 and under Assumption 2, z is continuously
differentiable, and z = —y = —CzA4x, denotes the corresponding
time-derivative. The parameters wy, € (0, o) and k, € (0, c0) in
(5) are the integrator frequency and gain, respectively. The sets
F1 and F;, dictating the integrator-mode and gain-mode in (5)
are given by

Fi={z.u,2) e R | knzu > > A (z,u,2) & o}, (6a)
F={z,u,2) e R’ | u=knz A wpz* > kpzz}, (6b)
for which the union defines the “[0, kj]-sector”

F=FRUFR={zuz2)eR’|kazu>u’}. (7)

The closed-loop system in Fig. 1 with G as in (3), and A as in (5),
(6) can be written as the switched system

x=Ax-+Bw, ifxe x;, ie{l,2},

y=cx. (8)

with state vector x = [ng,xh]T € R", n = m + 1. The sets A;,
i € {1, 2}, in (8) are given by

X ={xeR"|Ex e R}, (9)

in which the matrix E is such that Ex = [z u 2]", and is, therefore,
given by

The mode-dependent system matrices are given by

— Ag Bg — Ag Bg
Al—[—whcg 0]’ AZ—[—khchg 0| (an

B =[B!, 0]T, and C = [C,, 0]. Details on the sets in (6), as
well as an alternative view on the closed-loop system (8) within
the framework of (extended) projected dynamical systems (ePDS)
can be found in Deenen et al. (2021) and Heemels and Tanwani
(2023).

To show the existence and forward completeness of solutions
to (8), we rely on the well-posedness result in Heemels and
Tanwani (2023, Theorem 8). We consider solutions to the discon-
tinuous differential equation (8) in the sense of Carathéodory, i.e.,
locally absolutely continuous (AC) functions x : [0, T] — R" that
satisfy (8) for almost all times t € [0, T]. The results in Heemels
and Tanwani (2023) guarantee the existence of solutions globally,
i.e.,, on [0, co), given an initial condition x(0) = xo and a bounded
piecewise continuous input w, i.e.,, w € PC, meaning that there is
{titren C [0, 00) with to = 0, tyr1 > ti for all k € N, limy_, o0 ty =
oo, w is continuous for all t & {tx}ken, and lim;y;, w(t) = w(ty),
ke N, and ||w| e = sup; [[w(t)| < oo.

3.2, Problem formulation

We are concerned with deriving sufficient frequency-domain-
based conditions for assessing stability of the closed-loop sys-
tem in (8). Stability is studied through the notion of input-to-
state stability (ISS), for which the following definition' is adopted
from Sontag and Wang (1995).

Definition 3. The closed-loop system in (8) is said to be input-to-
state stable (ISS), if there exist a K£-function @ and a K-function
B such that for any initial condition x(0) = xo € {x € R" | Ex € F}

1 In Definition 3 we adopt standard definitions for class k- and class
K c-functions, see, e.g., Khalil, 2002, Ch. 40, Sec. 4.4.
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and any input signal w € PC, all solutions x : R>o — R" to (8)
satisfy

Xl < a(IxO), ) + B (Iwll) » (12)
for all t € Rxo.

The next theorem presents LMI-based conditions for guaran-
teeing ISS of the closed-loop system (8).

Theorem 4 (van den Eijnden, Heemels, Heertjes, & Nijmeijer, 2022,
Theorem 1). Consider the closed-loop system (8). Suppose there exist
a matrix P € S™" and constants t; > 0, i € {1, 2, 3}, that satisfy
the LMIs

P—1:8>0, (13a)

A{P +PA; + 1,5 < 0, (13b)

OT(A) P+ PA; — 13T)O <0, (13c)
in which

S=C/H+H'C,, T=CJF+F'C, (14)

and 6 = I, —thgT]T, with H = kyC, — Cy, F = Gy(knA; — wil),
and where

G;=[-C 0], andC,=b" =[0n
Then, the closed-loop system (8) is ISS.

1]. (15)

Although numerically tractable, solving the LMIs in (13) re-
quires a state-space model as in (3), which, in practice, may
be hard to obtain with sufficient accuracy. Moreover, LMI con-
ditions provide limited insights in the (re)design of HIGS-based
controllers for guaranteed (robust) stability when the set of LMIs
(13) turns out to be infeasible. Motivated by these concerns, the
main objective in this paper is to establish insightful frequency-
domain conditions that exploit frequency-response data of the
plant for guaranteeing ISS. In particular, we are interested in de-
riving sufficient frequency-domain conditions that guarantee the
existence of a matrix P and constants t;, i € {1, 2, 3}, that satisfy
the inequalities in (13), thereby transitioning from time-domain
conditions to frequency-domain conditions for guaranteeing ISS.

4. Frequency-domain conditions for ISS
4.1. Existing results

Frequency-domain conditions for guaranteeing ISS of HIGS-
controlled systems have been established in the literature before.
Although useful, these conditions come with a certain degree of
conservatism in the sense that they guarantee the existence of a
particular solution to the LMI problem in (13). To shed some light
on this possible conservatism, and motivate our new improved
conditions, we recall these existing results.

Theorem 5 (Deenen et al., 2021, Theorem 6.1). Suppose the matrix
Ag in (3) is Hurwitz. If the frequency-domain inequality
Re {knCg(jl — Ag) "B} > —1 (16)

is satisfied for all w € RU{oo}, then the LMI problem in (13) admits
a feasible solution of the form P = diag(M, 1) > 0, with positive
definite matrix M € S™™, ty = 0, and 13, 73 > 0.

Theorem 6 (van den Eijnden et al.,, 2021, Theorem 1). Suppose the
matrix Ay in (11) is Hurwitz. If there exist constants «; > 0 and
ay € R such that the frequency-domain inequality

Re {(F + a1C, + axH)(jwl — A7) 'b} > —1 (17)

is satisfied for all w € RU{oo}, then the LMI problem in (13) admits
a feasible solution of the form P > 0, 7y = 17 = 0, and t3 > 0.
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The link between satisfying the frequency-domain inequalities
in Theorems 5 and 6, and the existence of a particular solution
to the LMI problem in Theorem 4, allows for establishing the
following important insights regarding possible conservatism of
these conditions:

(1) As a consequence of the fact that both theorems guarantee
the existence of a solution to the LMI problem (13) with
77 = 0, an ISS-Lyapunov function V(x) = x"Px is guaran-
teed to be positive for all x € R" \ {0}, while the states
of the closed-loop system (8) only evolve, by design, in
part of the state space. This observation reveals possible
conservatism induced by the considered class of Lyapunov
functions underlying Theorems 5 and 6.

Theorem 5 is applicable to HIGS-based control systems

for which Gy, is stable. However, in many applications

that may benefit from HIGS-based control, such as motion
systems, the linear part of the dynamics contains simple in-
tegrators, which renders the circle-criterion-like conditions
in Theorem 5 not straightforwardly applicable as Gy, is not
stable. For condition (16) also the interplay between the

LTI dynamics and the integrator-dynamics of HIGS is not

exploited, and stability holds for all (static) sector-bounded

nonlinearities. This is also visible from the fact that the
frequency-domain inequality in (16) does not depend on
the integrator parameter wy,.

(3) Theorem 6 is only applicable to HIGS-based control sys-
tems having stable linear dynamics in integrator-mode.
This narrows down the scope of applications for which
Theorem 6 may be useful for stability analysis. In fact,
one may argue that unstable integrator-mode dynamics
largely contribute to potential performance improvements
with HIGS, and, therefore, is a desirable property (see, for
instance, Deenen et al. (2021) and van den Eijnden et al.
(2020)).

—
N
—

In conclusion, although the results in Theorems 5 and 6 are
of interest, they suffer from restrictions that are not always ben-
eficial for HIGS-based designs. Therefore, obtaining frequency-
domain conditions in which the above limitations are lifted is
considered important for useful practical application.

4.2. Main result

To address the previously discussed shortcomings and provide
less restrictive conditions, we present the next theorem, which
forms the main result of this paper.

Theorem 7. Suppose the matrix A, — kyBgCy is Hurwitz. If there
exist constants A > 0 and k > 1 such that the frequency-domain
inequality

Re{(F+ﬂ1Cu+,32H)(ij—A2)_1b} > -1 (18)

with Ay = Ay + k72bH and B = Ak, o = A + k“’“ is satisfied
forallw e RU {oo} then the LMI problem in (13) admlts a feasible
solution of the form

P=M-+AH'H+ 1S (19)

withM > 0, and S givenin (14), Ty = Ak > 0, 1, = 71(k— 1)‘“" >0,
and 13 = 0.

The main advantages of Theorem 7 as compared to Theorem 5
and Theorem 6 are as follows. First, the frequency-domain con-
dition (18) guarantees the existence of a feasible solution to the
LMIs in (13) with t;y > 0, such that an ISS-Lyapunov function
constructed as V(x) = x"Px with P in (19) is guaranteed to be
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positive for all x € A7 U &y, with &;, i = {1, 2} given in (9).
Note here that P in (19) itself is not necessarily a positive definite
matrix, as the matrix S given in (14) is indefinite. Second, the
conditions allow for both unstable plant dynamics, as well as
unstable integrator-mode dynamics, which, from a performance
perspective can be desirable. We will explain below in Section 4.3
how the frequency-domain condition (18) can be checked in a
manner that is reminiscent of the classical Popov test.

Proof. By the assumption that the matrix Ay — k;BgC, is Hurwitz
and k > 1, the matrix

Ay = Az + k]fbH
h

(20)
Ag By O | O | r_ _
[ knCoAg 0] ke [ 1| =hCe 1]
is Hurwitz as well. To see this, consider the similarity transfor-
mation 74,7~ with transformation matrices

1 o0 I
T—[khcg 1] and T —[—khcg 1]’ (21)

leading to

A — knB,C;  Bg } 22)

Ay = TAzT_1 = |: 0 _ k@
kp

Due to its upper triangular structure, the eigenvalues of the
transformed matrix 4, in (22) are given by the eigenvalues of
Ag — knByCy and —kawy/ky. Therefore, A, is Hurwitz, and thus A,
is Hurwitz as well.

Next, note that the frequency-domain inequality (18) can be
written in the form of (1) with Q given by

]

Under the assumption that (18) is satisfied for all w € R U {oo},
and since A; is Hurwitz, it follows by virtue of the KYP-lemma
(Theorem 1) that there exists a matrix M = M € S™" such that

[A;M +MA; Mb—(F+ B1Cy + ﬂzH)T] ~0 (24)
* -2 :

Define

Mb — (F 4 B1Cy + BoH) = +2L7 (25)
and apply the Schur complement to (24) to find that this inequal-
ity is equivalent to

A;M +MA; < —L'L. (26)

Clearly, as (26) implies A;M +MA; < 0, and A; is Hurwitz, it fol-
lows immediately from, e.g., Leonov, Ponomarenk, and Smirnova
(1996, Lemma 1.10.1) that M > 0.

We will show that (25), (26) imply satisfaction of (13). To show
(13a), let us construct a suitable matrix P as

P =M+ H"H + AkS. (27)

It clearly follows that (13a) is satisfied with t; = Ak. Next, we will
show that (13b) is satisfied. To do this, first we write A, = A{+bG
with G :=F + kf—hH, where F is given in (14). Using this identity
in (26) implies

AIM +MA; < —G'b"M — MbG — L"L
T
ﬁL) G) 'L

e (MkC, + H)"G)

=l —He( (kC, + H) + (c—
- —Pr(L—fG)

< —AHe((kCu +H)T (F + k]—hH)).
Kh

(28)
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Observe that by virtue of Assumption 2 we can write
khAg — wpl kth
F = C(kyAy —apl)=|—C; O
2(knAy — wnl) = [—Cq ][ CkvonGy  —oon
= [—knCeA; — wnC; O] = HA;,

recalling that H = [—k;C,, —1]. As such,

(kC, +H)TF = (kC, + H)"HA,
=(kS+H"H — kH'C,)A; (29)
= (kS + HTH)A; — kwpH' G,

where use is made of the identities S = C/ H+H' C, and C,A; =
wpC;. Substituting (29) in (28) yields

He (M + AHTH + 1kS)A;)

T 30
+ Ak%He((kCu Y H- k,,Cz) H) <. (30)
h

The last term on the left-hand side of (30) reads

(kCy + H — knG,)"H = (k — 1)C] H.

Under the assumption that k > 1, using again the identity S =
C/H + HTC, and using P as constructed in (27) this yields

AP+ PA; + 1,5 < 0 (31)

with 7, = Ak(k — 1)wp/ky, > 0. Thus, (13b) is satisfied.

It remains to show that (13c) is satisfied. To this end, note that
from the inequality in (26) and the construction of P in (27) we
find that

0> A;M + MA; =He ((P — AH"H — AkS)4;)
= He (PA; — A(H"H + kH" C, + kG, H)A;)

= He (PA2 — AHT((H + kC,) Ay + K I—c ))
h

=AP+PA+(H'I'" + I'H)

with I' = k“)” (Pb + )\kCT) — AAZ (H + kC,)". Here, we used that

HA, =0 and
CTHA, = cuTH(A2 + kﬂbH) — k2" CTH. (32)
kh kh

Since HO = 0, we find ® T(A,P+PA,)® < 0 and (13c) is satisfied
with 73 = 0. This completes the proof. O

4.3. Verifying the frequency-domain conditions

At this point in the analysis it is not immediately clear how
to verify the frequency-domain condition (18) in an effective
manner. This is because (18) is still expressed in terms of state
space matrices that may be difficult to obtain in practice, and
the variables A, k appear in (18) in a nonlinear manner. In order
to derive an effective method for verifying the conditions using
(measured) FRF data, we will first derive the relevant transfer
function to be checked. Based on the frequency-domain condition
n (18), this transfer function can be identified as

g(s) = C(sl — A3)~

where ¢ = F + B1C, + BoH, B .= b, and D = 1. To
rewrite (33) into known transfer functions, it is useful to first do
a similarity transformation using the same transformation matrix
T as in (21). Through standard manipulations this results in the
equivalent transfer function

G(s) = C(sl — Ay)™!

'8+, (33)

B+ D, (34)
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where
LB |TAT'TB|
¢l | et || ’

with Ay = Ay — knByGCq, Z = Cy((wn — knp1)l — knAg) and
K := B1—pBs. Note the upper-triangular structure of the matrix A,
and thus also of sI — A,. The inverse of sI — 4, can be computed

das
(s — A1 =

(sI = A)™" (sl —A)'Bg(s + k)~ (35)
|: 0 (s + k) i|

Substituting (35) into (34) yields

g(s) = (Z(s — A)"'Bg + K)(s n k%) 1 (36)
h

By realizing that C,(sI —A;)~'B, corresponds to the process sensi-

tivity of the linear gain-mode of the HIGS-controlled system (i.e.,

replacing HIGS in Fig. 1 by k;), we find the transfer function to be

checked to be given by

G(s) = (W(s)Se(s) + K)L(s) + 1, (37)

with W(s) = wn — knf1 — kS, Sp(s) = Gyu(s)(1 + thyL,(s))‘1 and
L(s)=(s+ k(x)h/khr1

With the transfer function G(s) written in terms of known
transfer functions, we can now continue describing the procedure
for verifying the conditions of Theorem 7. As a first check, we
should verify if the gain-mode dynamics are ISS, i.e., we should
check if the matrix A; = A; — kyB;C; is Hurwitz. This can be done
by applying the Nyquist stability criterion (Franklin, Powell, &
Emami-Naeini, 2005, Section 6.3) to the open-loop characteristics
1+ knGyy(s). Note that (part of) the characteristics of Gy,(s) may
be obtained from FRF measurements. For verifying condition (18),
it is useful to rewrite (37) as

G(s) = Gx(s) — AGy(s) + 1, (38)
where

6(s) 1= ((@n = ki) Sp(s) - kﬁ) L(s). (39a)
Gy(s) = (kkpSp(s) + (1 — k)) L(s). (39b)

Verifying the inequality in (18) then amounts to finding param-
eters A > 0, k > 1 such that for all o € R U {oo} the
frequency-domain inequality

1+ Re {G(jo)} — ARe {Gy(jow)} > 0 (40)

is satisfied. For a fixed value of k > 1, verifying (40) can be
done graphically by plotting Re {Gy} against Re {G,} in a two-
dimensional plane and inspecting if the resulting curve lies to the
right of a straight line that passes through the point (—1, 0) with a
slope of 1/A. This graphical test shows strong resemblance with
the classical Popov plot (Khalil, 2002). The parameter k should
be searched for in an iterative manner. Note that the effect of
changing k on the (Re {G,}, Re {Gy})-curve is directly visible, and

thus such a search can be done efficiently.
5. Case-study on a motion system

In this section, we demonstrate the effectiveness of our pre-
sented tools on an experimental motion system. The set-up con-
sists of two rotating masses connected by a thin, flexible shaft as
shown in Fig. 2. The measured FRF of this system from actuator
input (left-side) to load position (right-side) is shown in Fig. 3.
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Fig. 2. Motor-load motion system. 1: actuator (motor side); 2: encoder (load
side); 3: flexible shaft; 4: rotating masses.

50

0

10 10! 102

frequency in Hz

Fig. 3. Measured FRF of the motor-load motion system.

5.1. Controller design

Consider the feedback control scheme as depicted in Fig. 4.
Given a reference command r : R>o — R, a servo error signal
e is constructed using the relation e(t) = r(t) — q(t), t € Rxo,
where q(t) € R represents the measured output of the motor-
load motion system P at time t € Rso. This system is subject
to an input disturbance d(t) € R for t € Rx¢. For dealing with
disturbances, a feedback controller C = (1 + G {#})Co with
integral action is designed. The LTI filter Cy is given by

2
s w
Q@=@<+%> . i - . (41)
stawp ) \s°+ 2Bpwps + ),

whereas C; is a HIGS-based integrator constructed as G {H} =
LiHL,, where

S S 1
mg:w(+%),am bm=T:.

s+ 1

This specific design stems from describing function reasoning and
is intended for balancing transient and steady-state performance
properties by exploiting “phase” advantages of HIGS, see van den
Eijnden et al. (2020) for further details.

Controller tuning is done by initially setting w, = oo such
that C; {#} effectively reduces to an LTI integrator and the linear
scheme C(s) = (1 + %)Co(s) is recovered. Using loop-shaping
techniques (Skogestad & Postlethwaite, 2005), a stable LTI design
is obtained with k, = 3.3 Nm, w; = 8-2m rad/s, w, = 2- 27 rad/s,
wp = wyp = 50 - 27 rad/[s, and By, = 0.5. After fixing k; = 1 Nm,
and T = 0.002 s, wy, is reduced to w, = 5 - 27 rad/s.

To verify ISS of the closed-loop system design, we first write
the configuration in Fig. 4 in terms of the Lur’e setting in Fig. 1.
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e C1 |

Fig. 4. Feedback control set-up with motor-load motion system P and controller
C containing the HIGS-based integrator C; {#}.
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-4 -3 -2 -1
Real part

Fig. 5. Nyquist plot of the open-loop characteristics of the integrator-mode
(grey) and gain-mode (black) using the measured FRF of the motor-load motion
system.

0.02

Real {Glu(]w)}

-1 -0.5 0
Real {G,(jw)}

Fig. 6. Popov-like plot constructed on the basis of the measured FRF of the
motor-load motion system and parameter values k = {2, 15}, » = 10.

Specifically, we find the transfer function from output u to input
y = —z of H to be given by

Cols)P(s)
Gyu(s) = Li(s) (1 i CO(S)P(S)) Ly(s). (42)
Note that due to the simple integrator in Ly(s), the linear portion
of the closed-loop system is not asymptotically stable. Hence, for
verifying ISS one cannot apply Theorem 5, but should resort to
Theorem 6 or Theorem 7. In these theorems, we either need to
verify stability of the integrator-mode (Theorem 6) or stability
of the gain-mode (Theorem 7). This can be done by inspecting
the Nyquist plots of the integrator-mode in open-loop, i.e., 1 +
“;—“Gyu(s) and the gain-mode in open-loop, i.e., 1+ k;Gyy(s) which
are both shown in Fig. 5.

On the basis of the Nyquist stability criterion, it follows from
Fig. 5 that the integrator-mode is unstable, whereas the gain-
mode is stable. Hence, one cannot apply Theorem 6 either, and,
hence, one should resort to the new result in Theorem 7 for a
frequency-domain stability analysis. Using G,,(s) as in (42) we
can construct G,(s) and Gy(s) as in (39) needed for the analysis.

The corresponding Popov-like plot with values k = {2, 15} is
shown in Fig. 6. Clearly, for the value k = 2 which corresponds to
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wp, =100 - 27

% 150 —wp =10 - 27

1) —wp, =521

&

° 1t AN

A,

(<8}

7 0.5¢ ]
0 L L L L
0 0.2 0.4 0.6 0.8 1

time in seconds

Fig. 7. Measured time-responses of the closed-loop system with w, €
{5, 10, 100} - 27 rad/s when subject to a step input r(t) = 1 for t € R>o and
r(t) = 0 otherwise.

our preliminary result in van den Eijnden et al. (2021) it is impos-
sible to find a value for A such that the conditions in Theorem 7
are satisfied, as part of the corresponding curve lies to the left of
the point (—1, 0). On the other hand, for the value k = 15 we find
that with A = 10 the frequency-domain inequality in (40) is satis-
fied (note that in the limit cases we find lim,,_,o(1+Re {G(jw)}) =
12 (’1‘7’;' = 0.045 and lim,,_, oo(1+Re {G(jw)}) = 1). Together with
stability of the gain-mode subsystem, all conditions of Theorem 7
are satisfied, hence the closed-loop system is ISS. Note that this
was only possible to show with our new conditions. The smallest
value for which ISS could be shown on the basis of Theorem 7
was found to be w, = 1.5 - 27 rad/s. For smaller values of wy,
satisfaction of the conditions in Theorem 7 is limited by the fact
that the gain-mode dynamics become unstable. Note that in the
set of LMIs (13) the gain-mode matrix A, does not necessarily
need to be Hurwitz, thereby indicating room for improvement in
the frequency-domain conditions.

Measured step-responses of the closed-loop system for w; €
{5, 10, 100} - 27 rad/s are shown in Fig. 7, and demonstrate the
beneficial effect of reducing wy on transient properties such as
reduced overshoot and settling times.

6. Conclusions

In this paper, novel frequency-domain conditions for ISS of
HIGS-controlled systems have been presented. In contrast to ex-
isting conditions, our new condition allows for the existence of
a quadratic ISS-Lyapunov function that is strictly positive only
within the relevant subregion of the state space, where the dy-
namics of HIGS are active, as was shown by linking the conditions
to a set of LMIs. The conditions provide a substantial advan-
tage over existing results in the sense of significantly reducing
conservatism in the analysis for practically relevant scenarios.
This was shown on an experimental set-up for which exist-
ing frequency-domain tools were not applicable while our new
ones were effective. In the example, we illustrated how the de-
rived frequency-domain conditions can be verified graphically
in a manner that is comparable to the classical Popov plot. The
conditions derived in this paper may contribute to further devel-
opment of less conservative, and practically verifiable frequency-
domain conditions for nonlinear and hybrid systems in general,
and HIGS in particular. Interesting directions for future work
include lifting the relative degree two assumption and extending
the frequency-domain conditions to multivariable systems.
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